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ABSTRACT 

In this paper, a standard cubic congruence of even composite modulus-an even- prime multiple of power of 

three- is considered for discussion and also to find a formulation of the solutions of the said congruence. It 

is found that some of the standard cubic congruence under consideration have exactly three solutions and 

some others have exactly nine solutions, if it is solvable. In one case, author’s formulation is used and in 

other case, Chinese Remainder Theorem is used.   
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.............................................................................................................................................. 

INTRODUCTION 

The values of x in the congruence �� ≡ �	���		�
, that satisfy the cubic congruence is called its 

solutions. Not all cubic congruence are solvable. If � is a cubic residue of m, then it is solvable. Here our 

aim is to investigate a formulation of solutions of a special type of cubic congruence of composite modulus 

of the type:�� ≡ �	���		2. 3�
,  an odd prime. 

 

LITERATURE REVIEW 

A very little material is found in the literature of mathematics about the solutions of the cubic congruence 

of prime and composite modulus.  

A cubic congruence of prime modulus is found in the literature. 

It is seen that for  ≡ 2	���		3
, the cubic congruence have unique solutions; but for 

 ≡ 1	���		3
,	 the cubic congruence has exactly three solutions	[1]. 

  If  ≡ 2	���		3
, then there are � − 1
residues and hence � − 1
	��������	�����	����������, and 

every congruence has a unique solution  

given by � ≡ �
 !"#

$ ���		
	[3]. 

But no formulation is found for the cubic congruence of composite modulus. 
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NEED OF MY RESEARCH 

Such types of standard cubic congruence of composite modulus is not studied earlier. No formulation is 

present in the literature of mathematics. For solutions of the said congruence, formulation is needed. Thus 

for formulation, this study and discussion is carried out. This is the need of the research. 

PROBLEM STATEMENT 

Here, the problem is to find a formulation of the solutions of the standard cubic congruence of even 

composite modulus-twice a prime multiple of power of three of the type: 

�� ≡ �	���		2. 3�
	. 

ANALYSIS & RESULT (Existed Method) 

These cubic congruence can be solved using Chinese Remainder Theorem (CRT). 

In this method, the congruence under consideration can be split into individual congruence: 

�� ≡ �	���		2
 ……………………�&
 

�� ≡ �	���		
 …………………… . �&&
 

�� ≡ �	���		3�
…………………… . �&&&
. 

Each of the above congruence are solved and the common solutions can be obtained by 

Chinese Remainder Theorem. 

Congruence (I) can be solved easily and it has a single solution and congruence (III) can be solved by 

author’s formulation [4], [5]. Congruence (II) has unique solution if  ≡ 2	���		3
 

��ℎ��	����(�)	(ℎ���	����(����	�*	 ≡ 1	���		3
. 

In the case  ≡ 2	���		3
, the original congruence has exactly three solutions and the solutions can be 

formulated. But in case  ≡ 1	���		3
, the original congruence has exactly nine solutions and can be 

obtained by Chinese Remainder Theorem; it cannot be formulated. 

ANALYSIS & RESULT (Author’s Formulation) 

Consider the cubic congruence �� ≡ �	 + ,. 2. 3� ≡ �����		2. 3�
;	p being a positive odd prime 

integer [2]. 

If  ≡ 2	���		3
, then this congruence has exactly three solutions. 

For the solutions, let us consider � ≡ 2. 3�./, + �	���		2. 3�
; , = 0, 1, 2………. 

Then,  �� ≡ �2. 3�./, + �	
����		2. 3�
 

≡ �2. 3�./,
� + 3. �2. 3�./,
2. � + 3.23�./,. �2 + ��	���		2. 3�
 

≡ 2. 3�,3�2 + 23�./,� + 22. 2. 32�.�,4 + ��	���		2. 3�
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≡ ��	���		2. 3�
. 

Thus, � ≡ 2. 3�./, + �	���		2. 3�
 satisfies the said congruence and it is a solution. 

But for, = 3, (ℎ�	����(���	�������	� ≡ 2. 3�./. 3 + �	���		2. 3�
 

≡ 2. 3� + �	���		2. 3�
 

≡ �	���		2. 3�
 

Which is the same as for the solution for , = 0. 

For , = 4, 5,	 the solutions are also the same as for , = 1, 2. 

Thus, the congruence has exactly three incongruent solutions 

� ≡ 2. 3�./, + �	���		2. 3�
; , = 0, 1, 2. 

But if  ≡ 1	���		3
, then the congruence must have nine solutions and cannot be formulated. This 

congruence can be solved using Chinese Remainder Theorem. 

ILLUSTRATION BY EXISTED METHOD 

Consider the congruence �� ≡ 64	���		2.7. 3�
	�. �.		�� ≡ 64	���		378
 

Here,  = 7 ≡ 1	���		3
. 

Therefore, this congruence can only be solved by CRT method as under: 

It can be split into three congruence with solutions 

�� ≡ 64	���		2
	�. �. �� ≡ 0	���		2
	�. �.					: ≡ ;	�<=>	;
. 

�� ≡ 64	���		7
	�. �.		�� ≡ 1	���		7
	�. �.				: ≡ ?, ;, @	�<=>	A
. 

�� ≡ 64	���		3�
	�. �.		�� ≡ 4����		27
	�. �.		: ≡ @, ?B, ;;	�<=>	;A
. 

Now Chinese Remainder Theorem can be used to find all the nine solutions. 

Here, �/ = 2;	 

�2 = 1, 2, 3; 

�� = 4, 13, 22. 

Also, C = [2, 7, 27] = 2.7.27 = 378. 

Therefore, C/ = 7.27 = 189;			C2 = 2.27 = 54;			C� = 2.7 = 14. 

Now C/� ≡ 1	���		�/
	�. �. 189� ≡ 1	���		2
	�. �.		�/ = 1. 

C2� ≡ 1	���		�2
	�. �. 54� ≡ 1	���		7
	�. �.		�2 = 3. 

C�� ≡ 1	���		��
	�. �. 14� ≡ 1	���		27
	�. �.		�2 = 2. 

Then, the common solutions are given by 

	:E ≡ F?G?:? +F;G;:; +FBGB:B	�<=>	F
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It can be written in tabular form as under: 

            1             2          3      1+2+3  

F?G?:? F;G;:; FBGB:B  :E	�<=>	F
 

189.2.1 = 378 54.1.3 = 162 14.4.2 = 112 652≡ ;A@ 274 

189.2.1 = 378 54.1.3 = 324 14.13.2 = 112 814≡ HI 148 

189.2.1 = 378 54.1.3 = 486 14.22.2 = 112 976≡ ;;E 22 

189.2.1 = 378 54.2.3 = 162 14.4.2 = 364 904≡ ?@I 58 

189.2.1 = 378 54.2.3 = 324 14.13.2 = 364 1156≡ ;; 310 

189.2.1 = 378 54.2.3 = 486 14.22.2 = 364 1156≡ ;; 184 

189.2.1 = 378 54.4.3 = 162 14.4.2 = 616 1156≡ ;; 4 

189.2.1 = 378 54.4.3 = 324 14.13.2 = 616 1156≡ ;; 256 

189.2.1 = 378 54.4.3 = 486 14.22.2 = 616 1480≡ B@J 130 

Therefore, the said congruence has exactly nine incongruent solutions 

: ≡ @, ;;, HI, ?BE, ?@I, ?I@, B?E, ;HJ, ;A@	�<=>	BAI
. 

.ILLUSTRATION (by Proposed Method) 

 Consider the congruence:  �� ≡ 35	���		2.5. 32
. 

Here  = 5 ≡ 2���		3
. 

It can be written as �� ≡ 35 + 90 = 125 = 5����		2.5. 32
	K�(ℎ	� = 5,  = 5. 

It is always solvable. 

Such congruence has exactly three solutions which are giving by 

� ≡ 2. 3�./, + �	���		2. 3�
; , = 0, 1, 2. 

≡ 2.5. 3/, + 5	���		2.5. 32
; , = 0, 1, 2. 

≡ 30, + 5	���		90
 

≡ 5, 35, 65	���		90
. 

CONCLUSION 

Thus, it can be concluded that the said congruence: �� ≡ ��	���		2. 3�
 

has exactly three incongruent solutions 

� ≡ 2. 3�./, + �	���		2. 3�
; , = 0, 1, 2, �*	 ≡ 2	���		3
. 

If  ≡ 1	���		3
, then the congruence have nine solutions which can be obtained using CRT method. 

 

MERIT OF THE PAPER 

In this paper, the standard cubic congruence of even composite modulus is studied for its solutions and is 

formulated. This lessens the labour of the readers to find the solutions. This is the merit of the paper. 
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