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ABSTRACT 

In this study, a new generalised method of solving standard quadratic congruence of composite 

modulus – an odd prime multiple of power of an odd prime, is discovered. The developed method is 

algorithmic which works very astonishingly.The author already has proposed a new method, may be 

called as “Middle-pair Solution” method of solving standard quadratic congruence of prime-power 

modulus. This study is a generalisation of that method. It may be called a very simple and time-saving 

method. 
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INTRODUCTION 

                The author already has developed three different time-saving efficient methods of solving 

standard quadratic congruence of prime modulus of the type �� ≡ �	���		
�; 

��, 
� = 1; 	
	�����	��	�			
����	
�������	�������,and it is published in different reputed 

international journals. Also, some formulations of solutions of standard quadratic congruence of 

composite modulus have been published in different international journals by the author[5], [6], [7], 

[8]. Here is author’s one more generalised method of solving standard quadratic congruence of 

composite modulus - an odd prime multiple of power of an odd prime, of the type:  �� ≡
�	����	� !�; !	"#$ %	� 	���	�&$�#. 

It has exactly four incongruent solutions [4]. 

The idea of solving congruence arises when the author faced some problems of the types: 

(1) �� ≡ 25	���		3. 5+� 
(2) �� ≡ 100	���		3. 5+� 
(3) �� ≡ 1901	���		13+� 
(4) �� ≡ 116	���		7.5�� 
(5) �� ≡ 49	���		3.5�� 
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(6) �� ≡ 882	���		72�. 
��	�ℎ�	���4	�5	6ℎ����	7��ℎ8[3], and tried to find their solutions by existed method but 

failed because the existed method takes a very long time proving that the existed method is 

time-consuming. It is not a fair method for the readers. 

LITERATURE-REVIEW 

  In the book of Number Theory [2], the author found a method to solve the said congruence. In the 

existed method, the readers have to add the modulus repeatedly to �	 to make it a perfect square. 

Sometimes it takes a long time. It will take hours or days. It is not fair method for readers. 

 Thomas Koshy has posed two questions as: 

(1) When is the congruence �� ≡ �	���		
9� solvsble? 

(2) When it is solvable, how do we find the solutions? [3] 

But he did not mention any direct method or formula to find the solutions. His suggested method is 

very long and tedious. Koshy has mentioned the said problem in an exercise of his book as a computer 

problem [3]. 

NEED OF RESEARCH 

Such a time-consuming method is in existence. It is not a suitable method for the readers.  

They are in need of a simple and time-saving method or formula so that they can find the solutions 

easily. Thus, a simple and easy method of solving the said congruence is in need. 

To have a time-saving method of solutions, the author tried his best and presented his great effort in 

this paper. This is the need of the paper. 

PROBLEM-STATEMENT 

Herethe problem is: 

 “To discover an efficient formulation of solutions of the standard quadratic congruence of the type: 

�� ≡ �	���		
9:�; �
, �� = �:, �� = 1, �	��	�	
�������	�������; 	
, :	���	�			 


�����in four cases: 

Case-I: when � is a perfect square and � = 
�; 

Case-II: when � is a perfect square and � = ��
��; 

Case-III: when � is any other perfect square; 

Case-IV: when � is not a perfect square. 

ANALYSIS & RESULT 

Case-I: when � is a perfect square and � = 
�; the congruence reduces to the form: 
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�� ≡ 
����		
9:�, �	��8	
�������	�������, :	��	�			
����. 

Let � ≡ 
9;<:4 ± 
	���		
9:�; 4 = 0, 1, 2, ………… 

Then it is seen that �� ≡ �
9;<:4 ± 
��	���	
9:� 

≡ 
� 	���		
9:� , expanding and simplifying. 

Thus, the value of � satisfies the congruence and hence it is a solution of the congruence. 

But, if 4 = 
, then it is seen that � ≡ 
9:4 + 
�	���		
9:� 

≡ 
����		
9:� 

Which is the same solution as for 4 = 0. 

Similarly for 4 = 
 + 1, 
 + 2, …… . ; the solutions repeat as for 4 = 1, 2, …… .. 

Therefore, it can be said that the congruence has in total 2p solutions as for every value of k, the 

congruence has exactly two solutions. Those are given by 

� ≡ 
9;<:4 ± 
	���		
9:�; 4 = 0, 1, 2, ………… , �
 − 1�. 

Case-II: When � is a perfect square and � = ��
��, then the congruence reduces to the form: 

�� ≡ ��
�����		
9:�. 

Let � ≡ 
9;<:4 ±�
	���		
9:�; 4 = 0, 1, 2, ………… 

Then it is seen that �� ≡ �
9;<:4 ±�
��	���	
9:� 

≡ ��
��	���		
9:� , expanding and simplifying. 

Thus, the value of � satisfies the congruence and hence it is a solution of the congruence. 

But, if 4 = 
, then it is seen that � ≡ 
9:4 + ��
��	���		
9:� 

≡ ��
�����		
9:� 

Which is the same solution as for 4 = 0. 

Similarly for 4 = 
 + 1, 
 + 2, …… . ; the solutions repeat as for 4 = 1, 2, …… .. 

Therefore, it can be said that the congruence has in total 2p solutions as for every value of k, the 

congruence has exactly two solutions. Those are given by 

� ≡ 
9;<:4 ±�
	���		
9:�; 4 = 0, 1, 2, ………… , �
 − 1�. 

Case-III:  When � is any other perfect square. 

Then the said congruence reduces to  �� ≡ �����		
9:�. It has four solutions. 
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The one pair of solutions is � ≡ ±�	���		
9:� 

≡ �, 
9: − �	���		
9:�. 

For the remaining pair of solutions, the reader can proceed as below: 

(1) Find A = BCD;<
� &			 = BCDF<

� . �A, 	� is called middle-pair solution. 

(2) Find the corresponding standard quadratic congruence : �� ≡ �	���		
9:�. 
(3) Find � from the equation:  ��� + 1� = � − � + 
9:4, 5��	4 = 0, 1, 2, …… 

(4) Then the required solutions are � ≡ A − �, 	 + �	���		
9:�.. 
This gives the other pair of solutions of the congruence. 

Case-IV: when � is not a perfect square. 

Then the said congruence is  �� ≡ �	���		
9:�. 

Such types of congruence are not always solvable. They are solvable if and only if the Legendre’s 

symbol:GH	BI = 1	J1K. If the congruence is solvable, then for the solutions,  

the readers have to perform the following steps( developed by the author): 

1. Test for solvability of the problem.          

2. Find A = BCD;<
� &			 = BCDF<

� . �A, 	� is called middle-pair solution. 

3. Find the corresponding standard quadratic congruence : �� ≡ �	���		
9:�. 
4. Find � from the equation:  ��� + 1� = � − � + 
9:4, 5��	4 = 0, 1, 2, …… 

5. Then the required solutions are � ≡ A − �, 	 + �	���		
9:�. 
For one value of k, one-pair of solution can be obtained. For the other pair, another value of k 

must be determined.  

Formulation is obtained by the author scientifically & mathematically. Mathematical calculation is not 

shown here. The method is already published in IJARIIT[9]. 

ILLUSTRATION 

Consider the quadratic congruence �� ≡ 25���		375� 

It can be written as �� ≡ 25 = 5����		3.5+�.  

Here,	� = 25 = 5�; ��		
 = 5. 

This congruence must have 2p=2.5=10 incongruent solutions. 

These are given by the formula:  

� ≡ 
9;<:4 ± 
	���		
9:�; 4 = 0, 1, 2, 3, 4. 

≡ 5+;<. 34 ± 5	���		5+. 3� 
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≡ 754 ± 5	���		375� 

≡ 0 ± 5; 75 ± 5; 150 ± 5; 225 ± 5; 300 ± 5	���		375� 

≡ 5, 370; 70, 80; 145, 155; 220, 230; 295, 305	���		375�. 

These are the required 10 incongruent solutions of the congruence. 

Consider the quadratic congruence �� ≡ 100���		375� 

It can be written as �� ≡ 10����		3.5+�.  

Here,��, 
� = �10, 5� = 5 = 
. 

This congruence must have 2p=2.5=10 incongruent solutions. 

These are given by the formula:  

� ≡ 
9;<:4 ± �	���		
9:�; 4 = 0, 1, 2, 3, 4. 

≡ 5+;<. 34 ± 10	���		5+. 3� 

≡ 754 ± 10	���		375� 

≡ 0 ± 10; 75 ± 10; 150 ± 10; 225 ± 10; 300 ± 10	���		375� 

≡ 10, 365; 65, 85; 140, 160; 215, 235; 290, 310	���		375�. 

These are the required 2.5=10 incongruent solutions of the congruence. 

  Consider one more problem as �� ≡ 49	���		75� 

It can be written as �� ≡ 7����		75� with � = 49 = 7�, 
 = 5, : = 3. 

Then one pair of solutions are � ≡ ±7	���		75� 

≡ 7, 75 − 7	���		75� 

≡ 7, 68	���		75�.       

For the other pair of solutions, proceed as below: 

Here, 
BCD;<

� = LM;<
� = 37 = A			& BCDF<

� = LMF<
� = 38 = 	.		 

�A, 	� = �37, 38�is the middle pair solutions of the said congruence. 

The corresponding quadratic congruence is then �� ≡ 19	���		75� 

	������	� = 19. 

To find r, let us consider the equation: ��� + 1� = 
9:4 + � − � 
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= 3754 + 49 − 19 

= 3754 + 30 

= 30	5��	4 = 0& 

= 5.6	������		� = 5	. 

Then the required solutions pair is � ≡ A − �, 	 + �	���		
9:� 

≡ 37 − 5, 38 + 5	���	75� 

≡ 32, 43	���		75�. 

Therefore all the four solutions are    � ≡ 7, 68; 	32, 43	���		75�. 

Consider one more problem:  �� ≡ 116	���		175� 

Here, � = 116, 
 = 5, : = 7. 

A = 	175 − 12 = 87	��				 = 	175 + 12 = 88.	 

Corresponding quadratic congruence �� ≡ 44	���		175� giving � = 44 

For the pairs of solutions, consider: ��� + 1� = 
9:4 + � − � 

= 1754 + 116 − 44 

= 1754 + 72 

= 175.0 + 72 

= 8.9	������		� = 8	. 

Then the required one solutions pair is � ≡ A − �, 	 + �	���		
9:� 

≡ 87 − 8, 88 + 8	���		175� 

≡ 79, 96	���		175�. 

The other pair is given by: ��� + 1� = 
9:4 + � − � 

= 1754 + 116 − 44 

= 1754 + 72 

= 175. 6+ 72  

= 1122 = 33.34	������	� = 33. 

Therefore, the other pair of solutions is � ≡ A − �, 	 + �	���		
9:� 
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≡ 87 − 33, 88 + 33	���		175� 

≡ 54, 121	���		175�. 

Therefore, all the required four solutions are 

� ≡ 79, 96, 54, 121	���		175�. 

CONCLUSION 

Therefore, it can be concluded that the author’s proposed algorithmic method of solving standard 

quadratic congruence of prime modulus of the type �� ≡ �	���		
� is generalised to solve the 

standard quadratic congruence of prime-power modulus of the type: 

�� ≡ �	���		
9:�,p, q being an odd prime integers. The method works efficiently when the required 

solutions are near to middle-pair solution. 

MERIT OF THE PAPER 

 The proposed algorithmic method works efficiently. It solves the congruence in a least time. Thus, 

author’s method is proved time-saving. This is the merit of the paper. 
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