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Abstract:

The summation of infinite series is a difficult problem that has puzzled mathematicians for several

: : : 1 :
centuries. In this paper, several series based on {;} are selected to explore different convergence and

divergence proof of series.
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I. DEFINITION OF SERIES CONVERGENCE

Firstwe give a sequence {a,}, we use the
notation Z;Lp an(p < q) to denote the sum a, +
apsq + -+ ay.With {a,} we associate a sequence
{sn}, where s, = ¢, a,. If {s,} converges tos,
we say that the series converges, and write
Yiee1 @ = s.The number sis called the sum of the
series, and it should be clearly understood that sis
the limit of a sequence of sums. If {s,,} diverges, the
series is said to diverge.

Il. CONVERGENCE OF SOME SERIES BASED ON {%}

Example 1. Consider the convergence of the
following series
t4sgiiag iy
2 3 n
Proof.
Let p = m, we see that
|um+1 + Upz Tt u2m|
_ N 1 oy 1
B m +1 m +2 2m
| 4 - 11 1
om 2m T oml T2

. 1
Given gy = T for any N > 0, there exists m >

Nandp =m, such that Y2™ wu, >¢g,. By the
Cauchy criterion, we can have the series is diverge.

Example 2. Consider the convergence of the

following series
1 ! + 11 4+t (D)= 1
2 3 4 D n
Proof.
Given a power series Z;’{;l(—l)"‘l% , it
converges for all other x with —1 <x < 1. And
S(x)is the sum of the power series, we have

S@) = B (-Hm

Since

N ﬁ
S(x)—;( 1)n-1 |
Z( 1)"1f (n> dt
[P >]
- fo ) [Z(—nn-l t""ll dt = fo 1—+tdt

=In(1 + x),
x € (—1,1]
We have S(1) = ¥, (-1)""1= = 2.
For simplicity, we note o, = Zk=1;and l, =
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Roa(1)F

1 . 1
of n_= s no ==
k=17, k=13,

0(n - ), andcisaconst.

Another more accurate description

Inn+c+rn,n -

Example 3. Consider the convergence of the following
series

1 1 1+1+1 1+
3 2 5 7 4
Proof.
Since Z;’{;l(—l)"‘ll =1 —l+l_%+ o
(~D)™ e then SERL (DM =S -0

1 11
l__+...+(_1)n 1__|_...’
6 8 2n
above two equations, we have
P P S S

3 2 5 7 4

3 In2.
2

hence we add the

1)n- 11

_Zn 1(

Example 4. Consider the convergence of the
following series

1 1 1 1 1 1+
2 4 3 6 8
Proof.
Since Sgn—l—l—l+——l—l+---+ L
2 4 '3 6 8 2n-1
L _i:(1+l+ ..+;)_ 11,1,
4n-2 4n 3 2n-1 2 4 6
to)= (14554t o) -
an 2 3 2n—-1 2n
1 1 1,1
$5+"'j;)—(z+z+"'+a) O2n =300~
502n=5(02n an)— l,,, and hmn_ml In2
we have llmn_)00 Sap = > Lin2 .Hence
lim,, o0 Sapaq = %lnz imy, e Sapag = %an . On

the whole, lim,,_,c, S, = 7 In2.

Example 5. Consider the convergence of the
following series

1_|_1 1+1+1 1+1+1 1+
2 3 4 5 6 7 8 9
Proof.
We see that |Xgp41 + Xgpez + o+ Xen| =
1 LENNE SRS SUUMDRS S SN
3n+1 3n+2 3n+3 3n+4 3n+5 3n+6
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1 1 1 1 1 +
3n+(3n-2) 3n+(3n-1) 3n+3n 3n+1  3n+4
1 3n 1 . 1
-+ = -.Given g, = -, for any N > 0,
6n—2 6n—2 6 6

there exists m> N and p =3m , such that
| XM, 1 %n >|€0.By the Cauchy criterion, we can
have the series is diverge.

Example6. Consider the convergence of the following
series

1+1+1 1 1 1+1+1+1

2 3 4 5 6 7 8 9
Proof.

r— _l l_i . D" o
It S =1 + (—l—) 2"13n+1 Sy =
1 1,1 1 )"
E__+___+' an3n+2 83 = 3 _+__
— =Y 1 ,by the Leibniz theorem, we

12
can have these three series are converge, SO the

default series is converge.

Example 7. Consider the convergence of the
following series
1 1 4 1 1 4 1 1
357 9 1
Proof.
1
Given a power series Y- (—1)"" 1;—1, it
converges for all other x with —1<x<1.
1x2 =1-x*+x*—x°+-,xe(-11) ,

we see that arctanx = [(1—x% +x*—x®+

x3 x5 X7
)dx = x — 5 + =7 + -+, by the Abel theorem,

we can have that

1 1 1 1 1

l-—-+—-—c+-——+-
35 7 9 11
= lim arctanx = arctanl = —
x—-1-0
Example 8. Consider the convergence of the

following series
1 1 1 1 1

113

13+17

Proof.
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—n<x<0

For Fourier f(x) ={ * f(x) =
% 0<x<m f
sin (2n—1)x L T\_T
Yme 1T' When x = Z’ we have f(g) =T
0 Z=1-ZHs-ocHs—Z 4
4 11

T

It follows that —1——+l—l+--'=
4 3 5 7

(4i-i-dedeten)s(-1eiode
)1 ( 1 1 1 ”)+
(‘5)(1—5+§—;"'

)=(1+1—1—i+i+
5 7 11 13
RIS £ AP S R U A

17 34 5

7 11 13 @ 17 T3

Examples 9. Consider the convergence of the

following series
o (-1l
2
n=1

Proof
GO 111 11 1 1
Z =lmaT3titstetyte
1 1
— 6 ..... E + .
The former series can be rewritten as
Yoo (=Dkay, where a; =1 4 k2+1 4ot k2+2k
O? the (:Jlj hand,z =t ieat e
K2+k k2+2k+11: preindl Gl oo) on kthe kf;her
hand, a; = = + = 4 -+ k2+2k < = + =

%—> 0(k —» ), by the squeeze theorem, we have

limk_,oo ay = O and A 4+1 <

is monotonic decreasing, by the Leibniz theorem,
we can get Yp_,;(—1)ka, is converge, thus

(-l
Y1

n
Since

Zn 1
=t

Examples 10. Rearrange the series of )4 >

then there are

is converge.
w (-1 [vn] oo 1
Zn—l - Zn=1;

n
-1) [Vn]
converges non-adsolutely.

diverges, S0

first there are p positive terms,

T < G, the series {ay }
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gnegative terms, and so on, then the new series
. 1
converges, and the sum is In2 + Eln Z'
Proof .
The Rearranged series can be written as

(1+1+ + ! ) (1+1+ +1>
3 p—1 2 4 2q

2
+( ! + -+ ! )
2p+1 4p -1
1

1
_(2q+2+ E>+
Now we denote 1+4=+ - +— = Hyp
1 1 1 1 1 3 am=1
EHm,E+Z+"'+%=EHm.
S —(1+1+ - ) (1+1+ +1>
an 3 2p —1 2 4 2q

+...
+( ! et )
2n—p +1 2np — 1

1
B (Z(n— 1q +2+ +2nq>
1

(trt1r) -3

Whenn — 00,S,, = In2 + %lng.

III. CONCLUSIONS

Series and its summation is a new form of
studying series and its limit. This new form enriches
and develops the content and method of studying
series, It provides a powerful tool for the further
study of function series and other mathematical
theories. This paper give the proofs of some series

based on{%}, varied proofs reveal the diversity of the
problem.
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