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Abstract: 
This paper extends the paper results by (Effiong and Co, 2023) on intersection of coset of Cyclic  

Subsemigroup to obtain  algorithm  for minimal generators of semigroup. A semigroup generating set is  

subset of semigroups which determines the whole semigroup through algebraic closure. The minimal  

generating set isthat which does not have a proper generating subset. The paper also shows an  

idea about the infiniteness of the independent elements in an infinite semigroup. An example is given to  

show how relatively small the minimal generating sets of such infinite semigroups are. 
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1.0. INTRODUCTION AND 

PRELIMINARIES 

(Effiong and co, 2023) gave a brief discussion on 

cosets of cyclic subsemigroups �  and the 

partitioning of subsemigroups. Such partitioning 

results in minimal generators of semigroups. They 

also discussed intersection of cosets of cyclic 

subsemigroups, and showed with a theorem by 

(Sampson, 2022), the analog of a result on normal 

subgroups of a group for semigroups.  

This paper extends that work of (Effiong and co, 

2023), using some results by (Sampson, 2022) 

about algorithms for determining Minimal 

generator of a semigroup. It also gives idea about 

how mostly infinite the independent elements (See 

(Lipcsey and Sampson, 2019) and (Lipcsey and 

Sampson, 2023) for explanation of the concept of 

independence) are in an infinite semigroup, while it 

also tells how relatively small the minimal 

generating sets are. 
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(Lipcsey and Sampson, 2019) had discussed 

generating systems of semigroup with focus on 

dimension in which they utilized the isomorphism 

between the free semigroup over a one-letter 

alphabet A = {a} and (N∗,  +) , the additive 

semigroup of positive natural numbers, to construct 

examples for infinite, commutative and non-

commutative semigroups, where there exists finite 

basis and the number of independent elements is 

larger than the basis. Their aim was to show (using 

the fact that every semigroup is isomorphic to a 

subsemigroup of a free semigroup), how the 

cardinalities of their generating sets related? 

 

1.1. DEFINITION (SEMIGROUP) 

Let �  s be a set with a mapping ∗ : � ×  � ∈  � . 

Then � forms a semigroup (�,∗) if  ∀ , �, � ∈ � ⟹
 ( ∗ �) ∗  � =   ∗ (� ∗ �) holds.  

1.2. DEFINITION (SUBSEMIGROUP) 

Let (�, ∗)  be a semigroup. If a subset � ⊂ � forms 

a semigroup for the same operation  

∗ : � × � → � as in �, then � is a subsemigroup of 

�.  

1.3. DEFINITION (MONOID) 

Let (�, ∗)  be as semigroup. If there is a neutral 

element � ∈ �, such that � ∗   =   ∗ � = , ∀ ∈
�, then�is a Monoid. 

1.4. LEMMA  (Sampson, 2023). 

Let (�, ∗) be a semigroup. If � is not a monoid then 

there exists a set �� ∶= � ∪ {�} and an operation 

⋆ such that  � ⋆ � =  �;   � ⋆  =   ⋆ � =   ,  

∀  ∈ �and   ⋆ �: =  ∗ �, ∀ , � ∈ �. 
Then {�� , ⋆}is a monoid. 

 

1.5. THEOREM. 

Let {�,∗} be a semigroup. Let �� ⊂ � be a 

subsemigroup∀ ∈ ! ≠ ∅, then 

∅ ≠ � = $ ��
%∈&

 

is a subsemigroup of �. 

Proof. 

Let ', ( ∈ �. Then ', ( ∈ �� , ∀ ∈ ! ⟹ 

 ' ∗ ( ∈ �� , ∀ ∈ ! ⟹  ' ∗ ( ∈ � = $ ��
%∈&

 

1.6. DEFINITION (COMMUTATIVE 

SEMIGROUP) 

Let (�, ∙ ) be a semigroup. (�, ∙)  is called a 

Commutative Semigroup, if  

∀*, + ∈  � ∶  * ∙ + =  + ∙ * . 
1.7. DEFINITION (COSETS) 

Let  �  be a semigroup containing the subsemigroup 

,, and let �- ∈ �, then by the Left (right) Coset, �-,  

(,�-) of ,,  we mean the set of elements obtained 

by multiplying �- on the right (left) by each element 

of ,. A left coset of , that is also a right coset is 

simply called a Coset. 

 

2.0. INFINITE SYSTEMS OF COSETS. 

In section 2.1 of (Sampson & co, 2023) defined 

cosets of cyclic subsemigroups. Now we will define 

cosets of subsemigroups with special attention to 
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subsemigroups of commutative (sub) semigroups as 

given by (Sampson, 2022). 

 

2.1. DEFINITION (LEFT COSET AND  

RIGHT COSET) 

Let {�,∗}  be a semigroup and let . ⊂ �  be a 

subsemigroup. 

Let  ∈ �\.  then  ∗ . ⊂ �  is a left coset and 

. ∗  ⊂ � is a right coset of K. 

 

2.2. LEMMA (LEFT AND RIGHT COSETS: 

COMMUTATIVE SEMIGROUP) (SAMPSON, 

2022). 

Let 0 ⊂ � be a commutative subsemigroup and let 

. ⊂ 0 ⊂ �  be a subsemigroup of 0 . Then a left 

coset of .,   ∗ . ⊂ � and a right coset of ., . ∗
 ⊂ � are equal: 

 ∗ . =  . ∗ , ∀ ∈ 0\.. 

Proof. By commutativity of �,  the products of 

elements of . by  ∈ 0\., which can be written as 

 ∗ . or . ∗ , ∀ ∈ 0\., would yield exactly the 

same value. So  ∗ . = . ∗ , ∀ ∈ 0\.. 
 

2.3. REMARKS. 

The commutative subsemigroupC in the lemma 2.2 

will be mostly cyclic subsemigroup. 

In (Effiong and co, 2023), semigroups with finite 

system of pairwise disjoint cosets have been 

considered. In this section we will give some results 

about an infinite system of cosets in a cyclic 

subsemigroup. We formulate an example in the 

form of a theorem below.  

 

2.4. THEOREM (ON INFINITE CYCLIC  

FACTOR SEMIGROUP) 

Let � be a semigroup and let � ⊂ � be a cyclic 

subsemigroup 

�: = 〈2〉, 4 ∈ �. 

Let 5 ⊂ �be a subsemigroup. Let 2� = 6 ∈ � \ 5.  

Then 

〈5 ∪ {6}〉 = 7 685,
9

8:;
   6; = �

∈ �                                                    (5) 

By the notations of the theorem 4.3, 

7〈=>〉
?

>:@
= 〈=〉 = 5 

where each subsemigroup〈=>〉, 1 ≤ C ≤ D is finitely 

generated except C = D which may be infinite.  

Therefore 

685 = 68〈{2EF|1 ≤ H ≤ D}〉. 
If  D < ∞,then 

685 = 68K2∑ MF?FNFOP | DQ ∈ ℕ, 1 ≤ H ≤ DS 

Using  =  4�  and selecting T =  UVD(�?)  =  @ , 

we get that 

68 ∗ 2∑ EF?FNFOP = 2�MP2∑ MQ?FNFOP =2�∗MPW∑ MF?FNFOP =
2XMP(�W?P)W∑ MF?FNFOY ∈ 〈=〉 

Where 

 ∗ T =  ∗ 6@ by T = UVD(�?) =  6@. 
Thus 685 ⊂ 5 

 



International Journal of Scientific Research and Engineering Development-– Volume 6 Issue 4, July- Aug 2023 

               Available at www.ijsred.com 

ISSN : 2581-7175                             ©IJSRED: All Rights are Reserved Page 887 

Therefore the factor 8 is the neutral elements �in 

the finite cyclic semigroup 〈5 ∪ {6}〉 ∕ 5. 

If D is infinity, then there is no power T ∈ ℕsuch 

that 68 ∗ 5 ≡ 5 U\] Tin the exponent. 

Equivalently 8 ∗ 5 ⊂ 5.  

Hence 〈5 ∪ {} 〉 ∕ 5 is an infinite cyclic factor 

semigroup. 

2.5. THEOREM (SAMPSON, 2022) 

Let {�,∗} be a semigroup. Let �, 0 ⊂ �, � ∩ 0 ≠
{∅}  and � ∩ 0 ≠ {�} be subsemigroups and let 

0 ∶= 〈4〉, 4 ∈ � be a cyclic subsemigroup. Then  

∅ ≠ 5: = � ∩C fulfills the following: 

1. ∀2 ∈ 5, ∃! a ∈ = ( there exists a 

unique a VD =) such that 2 =   b. 
2. ∀(∅ ≠ !)  ⊂ 5 , ∃ac-? (!)  ∶=
 UVD {a |  b ∈ !}; 

Proof. See Section 3.9.10 of (Sampson, 2022) for 

the proof) 

 

2.6. IMPORTANT COROLLARY  

(Sampson, 2022): Algorithm for Minimal 

Generating Set. 

Let �, �, 0and 5  be semigroups as defined in 2.5. 

Let � be initialized as � ⊂ = and 

Let � = ∅ ;Let= ⊂ 5and let = be initialized as N 

= ∅ ;Let Γ ⊂ 0 and let Γ = 5 . Let D ∈ ℕ be the 

counter, 

set to D = 0for starting. Then let us consider the 

following algorithm:  

Step 1.  If Γ ≠ ∅; then goto Step 2 else [exit]. 

Step 2.  Let D = D + 1 , T? = ac-?(Γ) , 

� = � ∪ {T?} and = = = ∪ {48N}goto step 3. 

Step 3.  Γ = Γ\〈=〉goto Step 1. 

If this algorithm stops after finite steps then we get 

a set of powers which are independent  

∀a ∈ �, 4b ∉ 〈{4Q|H ∈ �, H < a}〉 
The value ofD, 1 ≤ D ≤ ∞gives the total number of 

minimums recorded.   

Let a set ! ⊂ 0 be given. Then the ascending 

sequence � defined by the algorithm with 

Γ = !is unique. 

Proof: See section 4.2 of (Sampson, 2022) for the 

proof of this theorem. 

2.7. REMARK. 

The theorem 2.4 are combined with the results 2.5 

and 2.6 above by (Sampson, 2022) to give an 

example of generating set of a Semigroup below. 

 

2.8. EXAMPLE (FINDING GENERATING 

SET IN g\h).  

We can apply the algorithm in the corollary 2.6 within 

5 ⊂ � ⊂ � for finding a generating set in 

�\5 . Precisely, let � ⊂ ℕ and let � = ∅. Let = ⊂ � 

and let = = ∅. Let Γ ⊂ � and let Γ = �\5.  

Let D ∈ ℕ be the counter, set to D =  0 for starting. This 

algorithm will select a co-prime (an independent) 

sequence of semi-ring elements such that 〈5 ∪ =〉 = 0 

and the elements of = will be independent from 5. 
 

3.0. CONCLUSION AND RECOMMENDATION 

With the above, basic constructions can be prepared 

for characterizing generating set and independent 
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set in infinite semigroups. Also, what this shows is 

that independent elements are mostly infinite in an 

infinite semigroup, while the minimal generating 

sets are relatively small. 
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