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Abstract 

In this paper, based on the point of view of the pilot-wave theory and Bohmiam 

mechanics as well as A. Einstein thought, authors analyze the motion of a material point both in 

the framework of Newtonian Mechanics and in the framework of Classic Quantum Mechanics.   

First, in the framework of Newtonian Mechanics, with the help of Hamilton Principal and 

Hamilton-Jacobi Equation, it is proved that the wave equation from the theory of de Broglie is a 

displacement equation. 

Secondly, in the framework of Classic Quantum Mechanics, with the help of Hamilton 

Principle and Hamilton-Jacobi Equation, Schrödinger Equation is obtained. So, it is concluded 

that Schrödinger Equation is a displacement equation and the wave function is a displacement 

function. Based on these conclusions, the physical meaning of Schrödinger Equation is 

obtained and then Schrödinger Momentum Equation is derived. 

When using Schrödinger Momentum Equation to investigate photon in Double Slit Test, 

it is first time mathematically found that the collapse of wave function only takes place in the 

same type of particle. It can be reasonably inferred that the randomness of photon or electron in 

Double Slit Test is caused by one type or multiple types of particle or quanta, which are 

mysterious and unknow for human beings up to now. These conclusions are supported by 

rigorous mathematical deriving and theoretical analysis. 

Keywords: Wave-Particle Duality, Schrödinger Equation, Wave Function, Double 

Slit Test, Randomness of Quantum, Wave Function Collapse, Pilot-Wave Theory, 

Bohmian Mechanics 
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1. Introduction 

 

Historically, the pilot-wave approach to quantum theory was initiated by A. Einstein. And 

then, E. Schrödinger discovered Schrödinger Equation of wave mechanics in 1926. In 1927, de 

Broglie found an equation of particle motion for a scalar wave function [1]. Later he explained at 

the 1927 Solvay Congress. However, de Broglie responded very poorly to an objection of W. 

Pauli [2], de Broglie very quickly abandoned the pilot-wave approach. 

In 1952, D.Bohm rediscovered de Broglie’s pilot-wave theory in his paper [4], called 

Bohmian mechanics. In 1960s, 1970, and 1980s, John Bell became the principal proponent of 

the theory. J. Bell published a lot of paper to investigate this theory, including his famous 

inequality [5]. After J. Bell, Detlef Dürr, Sheldon Goldstein, Nino Zanghì, and V. Allori published 

many papers and books to continue to investigate this theory and make great contributions in 

this area [6,7,8,9].  

In Bohmian mechanics, Quantum Potential governs the positions of the particles and 

these particles are described by their positions with time and the wave function is to obey 

Schrödinger Equation. This theory over-emphasized the role of particle and paid less attention 

to the propagation of wave, but the point of view of treating the particle and wave simultaneous-

ly is very invaluable insights.   

Based on the point of view of the pilot-wave theory and Bohmian mechanics as well as 

A. Einstein thought [3], authors try to investigate the physical meaning of Schrödinger Equation 

in this paper. In this sense, this paper can be said to be a continuation and extension of the 

pilot-wave theory and Bohmian mechanics.  

First, in the framework of Newtonian Mechanics, we treat a material point’s motion as 

the motion of particle. And then set up the equation of wave and treat this motion as wave 

propagation. To solve the wave equation, D’Alembert Method is used to obtain a general 

solution. With the help of Hamilton Principal and Hamilton-Jacobi Equation, we can prove that 

no matter how we treat the motion of the material point as particle’s motion or wave propaga-

tion, the obtained results are the same displacement function. So, the wave equation is a 

displacement equation. 

Secondly, we solve this wave equation in the framework of Classic Quantum Mechanics. 

Just like what Schrödinger did, Plank Law is used. With the help of the phase velocity of the 

wave propagation derived from Hamilton Principle and Hamilton-Jacobi Equation, Schrödinger 

Equation is obtained. Because we have known the wave equation is a displacement equation in 

the framework of Newtonian Mechanics, it is concluded that Schrödinger Equation is a 

displacement equation and wave function is a displacement function in the framework of Classic 

Quantum Mechanics. And then Schrödinger Momentum Equation is derived. 

In order to verify Schrödinger Momentum Equation, Double Slit Test is investigated. 

Through using Schrödinger Momentum Equation, theoretically, it is first time found that the 

collapse of wave function takes only place in the same types of particles. That is to say, the 

collapse of wave function of photon can only be generated by photon; the collapse of wave 

function of electron can only be generated by electron.   
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And also, it can be reasonably and mathematically inferred that the randomness of 

photon or electron in Double Slit Test is caused by one type or multiple types of particles 

/quanta, which are mysterious and unknow for human being up to now.  
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2. Particle Motion of Theory of de Broglie Wave-Particle Duality in Framework of 

Newtonian Mechanics 

Consider a material point with mass, 𝑚, is moving forward in a conservative field of force 

𝑉 = 𝑉(𝑥, 𝑦, 𝑧) along axial 𝑥 toward infinite distance in a Cartesian Coordinates, shown in Figure 

1.      

 

    𝑦 

       𝑚0           

                         

𝑜       𝑥 

  

  

Figure 1 Figure 1 Moving Material Point in Space 

 

Without losing generality, set the initial displacement and velocity of the material point as 

follows: 

Initial displacement:  𝑥(0) = 𝑥0,                  at time 𝑡 = 0; 

Initial velocity:            
𝜕𝑥

𝜕𝑡
= 𝑣0,            at time 𝑡 = 0. 

If we do not consider the gravity in 𝑦 direction and the friction of air, according to Newton 

Second Law, then the equation of motion of the material point is as follows: 

    𝑚
𝑑2𝑥

𝑑𝑡2 = 𝐹𝑥      (1) 

where 𝐹𝑥 is total force applied on the material point in 𝑥 direction.   

After a series of integral operations for time 𝑡 , then we can solve Equation (1) as follows: 

   𝑥 =
𝐹𝑥

2𝑚
𝑡2 + 𝐶0𝑡 + 𝐶1      (2) 

where  𝐶0  and 𝐶1 are integration constants and will be determined by initial conditions.    

If we assume 𝐹𝑥 is 0, then Equation (2) will become 

   𝑥(𝑡) = 𝐶0𝑡 + 𝐶1      (3) 

Apply the above initial conditions into Equation (3),  

𝑥(𝑡) = 𝑣0𝑡 + 𝑥0      (4) 

where 𝑣0 is the initial velocity of the material point and 𝑥0 the is the initial displacement of the 

material point.  
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Equation (2) and Equation (4) are the equations of which are used to describe the motion of the 

material point in the framework of Newtonian Mechanics.  It is well known to all of us.  

Next, we consider the above motion of material point based on the theory of de Broglie 

wave-particle duality, which was from the fundamental research of L. de Broglie and has been 

well accepted by all of us. 

Apparently, the above equations of motion for material point, 𝑚, Equation (2) and (4), 

are to treat 𝑚 as a particle, which are equivalent to the particle of which is described in the 

theory of de Broglie wave-particle duality. So, we can say that Newtonian Mechanics can be 

used to describe the motion of the particle stated in the theory of de Broglie wave-particle 

duality. 

 

3. Wave Propagation of Theory of de Broglie Wave-Particle Duality and Its Phase 

Velocity from Hamilton-Jacobi Equation under Framework of Newton Mechanics 

Now we consider the above motion of material point or particle as wave propagation in 

its “configuration - space”(q-space, not pq-space) [1], which is described in the theory of de 

Broglie wave-particle duality. It should be noticed that up to now, although we have not known 

the physical meanings of this kind of wave, we can follow the conventional way to call this wave 

as “matter wave”. 

Because the matter wave is a kind of wave, then the propagation of matter wave could 

be described by an equation, which is called wave equation. Without losing generality, we chose 

a dimensional wave equation along 𝑥 direction as follows: 

    
𝜕2𝜓

𝜕𝑡2 = 𝑢2 𝜕2𝜓

𝜕𝑥2          (5-1) 

where 𝜓 is a function which is used to describe the propagation of the matter wave, 𝑢 is a phase 

velocity of the matter wave 𝜓 and  𝑡 is time.   

It should be pointed out again that up to now we have not known the physical meaning 

of matter wave, 𝜓. Its physical meaning of 𝜓 is what we try to find and will be given in this paper. 

First, we consider a general solution of this wave equation, Equation (5-1). Although we 

do not know the physical meaning of 𝜓 , we can use D’Alembert Method to obtain a general 

solution for this one-dimensional wave equation as follows [2]: 

For wave equation: 

𝜕2𝜓

𝜕𝑡2 = 𝑢2 𝜕2𝜓

𝜕𝑥2          (5-2) 

If setting initial conditions as follows:  

𝜓(𝑥, 0) = 𝑓(𝑥); 

𝜕𝜓

𝜕𝑡
/𝑡=0= 𝑔(𝑥); 
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Setting boundary conditions: 

𝜓(0, 𝑡) = 0,  

𝜓(−∞, +∞) = 0;           

Then the general solution is as follows:    

𝜓(𝑥, 𝑡) =
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
∫ 𝑔(𝜉)𝑑𝜉

𝑥+𝑢𝑡

𝑥−𝑢𝑡
    (6) 

where 𝑢 is the phase velocity of wave.  

Next we need to obtain the velocity of wave propagation and the phase velocity, 𝑢 , in Equation 

(5-2) or Equation (6). 

In order to obtain 𝑢, we use Hamiltonian Principal and three-dimensional description [1]. Using 

following conventional notations: 

Displacement Vector,  𝑟 = 𝑟(𝑥, 𝑦. 𝑧); 

Kinetic energy, 𝑇 = 𝑇(𝑥, 𝑦, 𝑧);   

Particle Momentum: 𝑝𝑥, 𝑝𝑦, 𝑝𝑧;  

Action Function, 𝑊 = 𝑊(𝑥, 𝑦, 𝑧, 𝑡) = 𝑊(𝑟, 𝑡);  

Potential Energy, 𝑉 = 𝑉(𝑥, 𝑦, 𝑧). 

Then, the total kinetic energy of the particle can be written as: 

𝑇 =
1

2
𝑚(�̇�2 + �̇�2 + �̇�2)=

1

2𝑚
(𝑝𝑥

2 + 𝑝𝑦
2 + 𝑝𝑧

2)     (7) 

Based on Hamiltonian Principal, from time 𝑡0 to time 𝑡 during the moving of the particle, a 

Hamiltonian function for action 𝑊 can be written as follows:  

𝑊 = ∫ [(𝑇 − 𝑉
𝑡

𝑡0
]𝑑𝑡        (8) 

Take Equation (7) into Equation (8), then we have:       

             

 𝑊 = ∫ (𝑇 − 𝑉
𝑡

𝑡0
)𝑑𝑡 = ∫ [

1

2𝑚
(𝑝𝑥

2 + 𝑝𝑦
2 + 𝑝𝑧

2) − 𝑉(𝑥, 𝑦, 𝑧)
𝑡

𝑡0
]𝑑𝑡   (9) 

As all of us are well known that: 

𝑝𝑥 = 𝑚�̇� =
𝜕𝑊

𝜕𝑥
;        

 𝑝𝑦 = 𝑚�̇� =
𝜕𝑊

𝜕𝑦
;       (9-1)  

 𝑝𝑧 = 𝑚�̇� =
𝜕𝑊

𝜕𝑧
 

In order to obtain Hamilton-Jacobi Equation of the action W, now take derivative for time, 𝑡 for 

Equation (9), then we have the following the Hamiltonian partial differential equation, which is a 

function of the upper limit 𝑡 and of the final values of the coordinates  𝑥, 𝑦, 𝑧: 
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𝜕𝑊

𝜕𝑡
=

𝜕

𝜕𝑡
[∫ [

1

2𝑚
(𝑝𝑥

2 + 𝑝𝑦
2 + 𝑝𝑧

2) − 𝑉(𝑥, 𝑦, 𝑧)
𝑡

𝑡0
]𝑑𝑡 

⇒ 

𝜕𝑊

𝜕𝑡
= [−

1

2𝑚
(𝑝𝑥

2 + 𝑝𝑦
2 + 𝑝𝑧

2) − 𝑉(𝑥, 𝑦, 𝑧)]        

⇒ 

𝜕𝑊

𝜕𝑡
= −[

1

2𝑚
(𝑝𝑥

2) +
1

2𝑚
(𝑝𝑦

2) +
1

2𝑚
(𝑝𝑧

2)] − 𝑉(𝑥, 𝑦, 𝑧) 

 

Take Equation (9-1) into the above equation, then  

⇒             

 
𝜕𝑊

𝜕𝑡
= −

1

2𝑚
[(

𝜕𝑊

𝜕𝑥
)2 + (

𝜕𝑊

𝜕𝑦
)2 + (

𝜕𝑊

𝜕𝑧
)2] − 𝑉(𝑥, 𝑦, 𝑧) 

⇒ 

𝜕𝑊

𝜕𝑡
+

1

2𝑚
[(

𝜕𝑊

𝜕𝑥
)2 + (

𝜕𝑊

𝜕𝑦
)2 + (

𝜕𝑊

𝜕𝑧
)2] + 𝑉(𝑥, 𝑦, 𝑧) = 0    (10) 

 

Equation (10) is Hamilton-Jacobi Equation of the action 𝑊. 

To solve this equation, we put 𝑊(𝑥, 𝑦, 𝑧, 𝑡) in the follow form: 

𝑊(𝑥, 𝑦, 𝑧, 𝑡) = −𝐸𝑡 + 𝑆(𝑥, 𝑦, 𝑧) = −𝐸𝑡 + 𝑆(𝑟)     (11) 

where   𝑆 = 𝑆(𝑟) = 𝑆(𝑥, 𝑦, 𝑧) is Hamiltonian characteristic function; 

𝑟 is displacement vector and  𝑟 = 𝑟(𝑥, 𝑦. 𝑧) 

 𝐸 is an integration constant, that is, total particle energy; 

Notice that:             

  
𝜕𝑊

𝜕𝑡
= −𝐸 

𝜕𝑊

𝜕𝑥
=

𝜕𝑆

𝜕𝑥
; 

𝜕𝑊

𝜕𝑦
=

𝜕𝑆

𝜕𝑦
; 

𝜕𝑊

𝜕𝑧
=

𝜕𝑆

𝜕𝑧
; 

Then we have  
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⇒ −𝐸 +
1

2𝑚
[(

𝜕𝑆

𝜕𝑥
)2 + (

𝜕𝑆

𝜕𝑦
)2 + (

𝜕𝑆

𝜕𝑧
)2] + 𝑉(𝑥, 𝑦, 𝑧) = 0 

⇒ 
1

2𝑚
[(

𝜕𝑆

𝜕𝑥
)2 + (

𝜕𝑆

𝜕𝑦
)2 + (

𝜕𝑆

𝜕𝑧
)2] = 𝐸 − 𝑉(𝑥, 𝑦, 𝑧) 

⇒ [(
𝜕𝑆

𝜕𝑥
)2 + (

𝜕𝑆

𝜕𝑦
)2 + (

𝜕𝑆

𝜕𝑧
)2] = 2𝑚[𝐸 − 𝑉(𝑥, 𝑦, 𝑧)]     (12) 

 

Consider that  

𝑝𝑥 = 𝑚�̇� =
𝜕𝑊

𝜕𝑥
=

𝜕𝑆

𝜕𝑥
       

 𝑝𝑦 = 𝑚�̇� =
𝜕𝑊

𝜕𝑦
=

𝜕𝑆

𝜕𝑦
       

 𝑝𝑧 = 𝑚�̇� =
𝜕𝑊

𝜕𝑧
=

𝜕𝑆

𝜕𝑧
 

Then we have  

�̇� =
𝜕𝑆

𝑚𝜕𝑥
        

�̇� =
𝜕𝑆

𝑚𝜕𝑦
        

 �̇� =
𝜕𝑆

𝑚𝜕𝑧
 

 

We know the particle velocity, 𝑣, is          

             

  𝑣 = (�̇�2 + �̇�2 + �̇�2)
1

2={
1

𝑚
[(

𝜕𝑆

𝜕𝑥
)2 + (

𝜕𝑆

𝜕𝑦
)2 + (

𝜕𝑆

𝜕𝑧
)2]

1
2⁄
   (13)  

   

Take Equation (12) back into Equation (13), then we have  

𝑣 = (�̇�2 + �̇�2 + �̇�2)
1

2={
1

𝑚
[(

𝜕𝑆

𝜕𝑥
)2 + (

𝜕𝑆

𝜕𝑦
)2 + (

𝜕𝑆

𝜕𝑧
)2]

1
2⁄

=
1

𝑚
{[2𝑚[𝐸 − 𝑉(𝑥, 𝑦, 𝑧)]}

1
2⁄  

⇒             

  𝑣 = (�̇�2 + �̇�2 + �̇�2)
1

2 = [
2(𝐸−𝑉(𝑥,𝑦,𝑧))

𝑚
]

1

2 = [
2(𝐸−𝑉)

𝑚
]

1

2   (14) 

Equation (14) is the velocity of the particle in wave propagation.  

Now we get the phase velocity of the wave propagation. Notice according to the definition, the 

phase velocity is expressed as follows: 

𝑢 =
𝑑𝑟

𝑑𝑡
      (15) 

If we imagine 𝑊 as a function of the system of the wave front surfaces [1], which represents the 

propagation of the wave. As the wave surface front is propagating from (𝑡 + 𝑑𝑡), 𝑊 will become 
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 (𝑊 + 𝑑𝑊0). However, at time (𝑡 + 𝑑𝑡0) = 𝑡0, 𝑡0being a constant, then (𝑊 + 𝑑𝑊0) will be a 

constant along the surface of the wave front. That is to say, (𝑊 + 𝑑𝑊0) will not be changed 

along the surface of the wave front with the change of time 𝑡. So, we have the following 

equation: 

    
𝑑𝑊

𝑑𝑡
= 0        

⇒ 

𝑑𝑊

𝑑𝑡
=

𝜕𝑊

𝜕𝑡
+ ∇𝑊 ∙

𝑑𝑟

𝑑𝑡
       

⇒               

0 =
𝜕𝑊

𝜕𝑡
+ ∇𝑊 ∙

𝑑𝑟

𝑑𝑡
     (16)  

   

Using Equation (11), then  

𝜕𝑊

𝜕𝑡
= −𝐸       

Take the above equation into Equation (16), then        

             

    
𝑑𝑟

𝑑𝑡
=

𝐸

|∇𝑊|
        (17) 

Because we have   

|∇𝑊| = (
𝜕𝑊

𝜕𝑥
)2 + (

𝜕𝑊

𝜕𝑦
)2 + (

𝜕𝑊

𝜕𝑦
)2 

and  

(
𝜕𝑊

𝜕𝑥
)2 + (

𝜕𝑊

𝜕𝑦
)2 + (

𝜕𝑊

𝜕𝑦
)2 = [2𝑚[𝐸 − 𝑉] 

⇒ 

(∇𝑊)
1

2 = [2𝑚[𝐸 − 𝑉]
1

2       

⇒ 

|∇𝑊| = {2𝑚[𝐸 − 𝑉]}
1

2     (18) 

 

Taking Equation (18) into Equation (17):        

  

    0 = −𝐸 + ∇𝑊 ∙
𝑑𝑟

𝑑𝑡
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𝑢 =
𝑑𝑟

𝑑𝑡
=

𝐸

|∇𝑊|
=

𝐸

[2𝑚(𝐸−𝑉)]
1
2

     (19) 

Equation (19) is the phase velocity of the wave propagation. 

From Equation (14), because the velocity of the particle does not contain time 𝑡, this 

means the motion of the particle moves in a constant velocity during the wave propagation. This 

should include its initial velocity state, 
𝜕𝜓

𝜕𝑡
.  That is, the initial velocity should be 𝑣0. Because if 

the initial velocity is 𝑣1, then there exists a state, say State 1, where 𝑣1 is changed to 𝑣0. That is, 

there is an external force which changes the velocity of particle from 𝑣1 to 𝑣0.  However, in the 

wave propagation, this external force does not exist according to our assumption. Realizing this 

point and without losing generality, we can write initial condition as follows: 

Initial velocity:   
𝜕𝜓

𝜕𝑡
= 𝑣0 = [

2(𝐸−𝑉)

𝑚
]

1

2, at time 𝑡 = 0. 

Notice that up to now, we have not known the physical meaning of 𝝍(𝒙, 𝒕), that is to say, 

we do not know the physical meaning of 𝒇(𝒙).  We only know  
𝝏𝝍

𝝏𝒕
= 𝒗𝟎 is a particle motion 

velocity in the wave propagation.     

Take the initial conditions 𝜓(𝑥, 0) and 𝑢 =
𝐸

[2𝑚(𝐸−𝑉)]1/2  into Equation (6):  

𝜓(𝑥, 𝑡) =
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
∫ 𝑔(𝜉)𝑑𝜉

𝑥+𝑢𝑡

𝑥−𝑢𝑡
   

=
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
∫ [

2(𝐸−𝑉)

𝑚
]

1

2𝑑𝜉
𝑥+𝑢𝑡

𝑥−𝑢𝑡
    

 

=
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
[[

2(𝐸 − 𝑉)

𝑚
]

1
2] [(𝑥 + 𝑢𝑡) − (𝑥 − 𝑢𝑡)] 

 

=
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
[
2(𝐸 − 𝑉)

𝑚
]

1
2[(𝑥 + 𝑢𝑡) − (𝑥 − 𝑢𝑡)] 

 

=
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
[
2(𝐸 − 𝑉)

𝑚
]

1
2(2𝑢𝑡) 

 

=
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] + 𝑣0𝑡          

⇒            
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 𝜓(𝑥, 𝑡) =
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] +

1

2𝑢
∫ 𝑔(𝜉)𝑑𝜉

𝑥+𝑢𝑡

𝑥−𝑢𝑡
=

1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] + 𝑣0𝑡 

            (20) 

We have  

𝜓(𝑥, 𝑡) =
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] + 𝑣0𝑡                    

{𝜓(𝑥, 𝑡) −
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)]} = 𝑣0𝑡       (21) 

 

In this equation, because the physical meaning or dimension of 𝑣0𝑡 is a distance, then 

{𝜓(𝑥, 𝑡) −
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)]} physically or dimensionally must be a displacement, too. In 

the big parentheses, we have 𝜓(𝑥, 𝑡) “ minus ”  
1

2
[𝑓(𝑥 − 𝑢𝑡) + 𝑓(𝑥 + 𝑢𝑡)] , it indicates that these 

two items must have the same physical meaning or dimension. So, 𝜓(𝑥, 𝑡) is a displacement 

function. That is, Matter Wave Equation (5-1), which is based on the theory of de Broglie wave-

particle duality, is a displacement wave equation.  

 

4. Wave Propagation of Particle in Framework of Classic Quantum Mechanics and 

Plank Law and Physical Meaning of Schrödinger Equation 

In the previous section, D’Alembert Method is used to prove the wave equation, matter 

wave equation, is a displacement equation from the theory of de Broglie wave-particle duality. It 

should be noticed that the proof of the method is in the framework of Newtonian mechanics. In 

order to view the wave propagation as a moving particle, now we view it in the framework of 

classic quantum mechanics with the help of Plank Law. This is because the theory of de Broglie 

wave-particle duality is not only suitable to the macro-world but also is suitable to the micro 

world, that is, the Equation (5-2) is not only suitable for Newtonian mechanics, and also is 

suitable for Classic Quantum Mechanics: 

𝜕2𝜓

𝜕𝑡2 = 𝑢2 𝜕2𝜓

𝜕𝑥2         (5-2) 

In classic quantum mechanics, Plank discovered his famous law, Plank Law. According 

to this law, if a moving particle possesses a frequency, then it must satisfy: 

𝐸 = ℎ𝜈      (22) 

or 

𝜈 =
𝐸

ℎ
      (22-1)  

where 𝐸 is energy of particle, ℎ is Planck's constant and 𝜈 is frequency. 

Equation (22-1) tells us that the energy of a moving particle is very small, if equal to ℎ, 

then the motion of the particle will be the propagation of wave, since this moving particle 
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possesses the frequency of motion. Mathematically, this wave-function, say 𝜓(𝑥, 𝑡), will be of 

the form of sinusoidal waves. 

𝜓(𝑥, 𝑡) = 𝐴(𝑥) sin(𝜈𝑡 + 𝐵) 

where 𝐴 is an "amplitude" function and 𝐵 is an initial phase of the wave. 

In order to obtain the equation of wave for Equation (5-2) in the framework of Classic 

Quantum Mechanics, we assume the following form [11]: 

𝜓(𝑥, 𝑡) = 𝐴(𝑥)𝑒𝑖
𝑊(𝑥,𝑡)

ℎ     (23) 

That is, the complex plane wave is assumed. According to the previous discussion, Equation 

(11), we have:  

𝑊(𝑥, 𝑡) = −𝐸𝑡 + 𝑆(𝑥)    (24) 

Take Equation (23) into Equation (24), then  

𝜓(𝑥, 𝑡) = 𝐴(𝑥)𝑒𝑖
𝑊(𝑥,𝑡)

ℎ = 𝐴(𝑥)𝑒𝑖
[𝑆(𝑥)−𝐸𝑡]

ℎ = 𝐴(𝑥)𝑒
𝑖[

𝑆(𝑥)
ℎ

−
𝐸𝑡
ℎ ]

= 𝐴(𝑥)𝑒
𝑖[

𝑆(𝑥)
ℎ

−
𝐸𝑡
ℎ ]

= 𝐴(𝑥)𝑒
𝑖[

𝑆(𝑥)
ℎ ]

𝑒
𝑖(−

𝐸𝑡
ℎ

)
 

= 𝜓0(𝑥)𝑒𝑖(−
𝐸𝑡
ℎ

)
 

where  𝜓0(𝑥) = 𝐴(𝑥)𝑒𝑖[
𝑆(𝑥)

ℎ
]
, it is an integration constant.  

Notice that:            

            

 
𝜕𝜓

𝜕𝑡
= 𝜓0(𝑥)𝑒

𝑖(−
𝐸𝑡

ℎ
)

(−𝑖
𝐸

ℎ
) = −𝑖𝜓0(𝑥)(

𝐸

ℎ
)𝑒

𝑖(−
𝐸𝑡

ℎ
)
 

𝜕2𝜓

𝜕𝑡2 = (−𝑖))𝜓0(𝑥)(
𝐸

ℎ
)𝑒

𝑖(
𝐸𝑡

ℎ
)

(−𝑖
𝐸

ℎ
) = −𝜓0(𝑥) (

𝐸

ℎ
)

2
𝑒

𝑖(−
𝐸𝑡

ℎ
)

= −𝜓(𝑥, 𝑡) (
𝐸

ℎ
)

2
 (25)  

𝜕𝜓

𝜕𝑥
=

𝜕𝜓0(𝑥)

𝜕𝑥
𝑒

𝑖(−
𝐸𝑡

ℎ
)
             

              
𝜕2𝜓

𝜕𝑥2 =
𝜕2𝜓0(𝑥)

𝜕𝑥2 𝑒
𝑖(−

𝐸𝑡

ℎ
)

=
𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2       (26)  

            

 Now take Equation (25) and Equation (26) into Equation (5-2), then 

          

 
𝜕2𝜓

𝜕𝑡2 = 𝑢2 𝜕2𝜓

𝜕𝑥2            
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𝜕2𝜓

𝜕𝑥2 −
1

𝑢2

𝜕2𝜓

𝜕𝑡2 = 0         

           

 
𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
1

𝑢2 [𝜓(𝑥, 𝑡) (
𝐸

ℎ
)

2
] = 0      (27) 

Because we said that the theory of de Broglie wave-particle duality is not only suitable to the 

macro-world, and also is suitable for the micro world, that is, the phase velocity of wave, 𝑢, 

which was obtained from Hamilton-Jacobi Equation in the framework of Newtonian Mechanics, 

can be used in the propagation of wave in the framework of Classic Quantum Mechanics: 

𝑢 =
𝐸

[2𝑚(𝐸−𝑉(𝑥))]1/2     (6)   

Take Equation (6) into Equation (26), then we have       

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+

1

[
𝐸

[2𝑚(𝐸 − 𝑉(𝑥))]
1
2

]2
[𝜓(𝑥, 𝑡) (

𝐸

ℎ
)

2

] = 0 

 

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+ [

2𝑚(𝐸 − 𝑉(𝑥))

𝐸2
]𝜓(𝑥, 𝑡) (

𝐸

ℎ
)

2

= 0 

 

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+

2𝑚[𝐸 − 𝑉(𝑥)]

𝐸2
𝜓(𝑥, 𝑡) (

𝐸

ℎ
)

2

= 0 

 

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+

2𝑚[𝐸 − 𝑉(𝑥)]

ℎ2
𝜓(𝑥, 𝑡) = 0 

 

(
ℎ2

2𝑚
)

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+ 𝐸𝜓(𝑥, 𝑡) − 𝜓(𝑥, 𝑡)𝑉(𝑥) = 0 

 

ℎ2

2𝑚

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
− 𝜓(𝑥, 𝑡)𝑉(𝑥) = −𝐸𝜓(𝑥, 𝑡) 
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Notice 𝐸𝜓(𝑥, 𝑡) = 𝑖ℎ
𝜕𝜓(𝑥,𝑡)

𝜕𝑡
 

−
ℎ2

2𝑚

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 + 𝜓(𝑥, 𝑡)𝑉(𝑥) = 𝑖ℎ
𝜕𝜓(𝑥,𝑡)

𝜕𝑡
   (28) 

We can see that Equation (28) is Schrödinger Equation and it is a displacement equation. In this 

equation, wave function, 𝜓(𝑥, 𝑡), is a displacement function. The physical meaning of imaginary 

number i in Equation (28) tells us that the motion of the particle is the propagation of wave. 

Notice that 𝜓(𝑥, 𝑡) is a displacement function, then 
𝜕𝜓(𝑥,𝑡)

𝜕𝑡
= 𝑣 is velocity of the quantum. 

Rewrite the above equation, then we have  

−
ℎ2

2

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+ 𝑚𝜓(𝑥, 𝑡)𝑉(𝑥) = 𝑖ℎ𝑚𝑣 

 Let 𝑝 = 𝑚𝑣 be the momentum of the quantum, then we have  

−
ℎ2

2

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+ 𝑚𝜓(𝑥, 𝑡)𝑉(𝑥) = 𝑖ℎ𝑝 

[−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] = 𝑖𝑝    (29) 

 

Equation (29) is called Schrödinger Momentum Equation. It is a dynamic wave equation and 

used to describe the motion of quantum.  

In this equation, the left side is about the particle’s characteristic and the right side is 

about the characteristic of wave. This is because the right side includes the imaginary number i. 

The physical meaning of i is to indicate the characteristic of wave, this is, the particle moves in 

space in the way of wave and only can be interfered by another particle with the characteristic of 

wave.  

In addition to this, this equation possesses one important physical characteristic: any 

one-time momentum input or “measurement” with the characteristic of wave for the quantum 

can change the original state of the quantum. In other words, in order to change the state of the 

quantum, it is enough to input or “measurement” only one-time. This is explanation for 

Uncertainty Principal based on Schrödinger Momentum Equation. 

Next Schrödinger Momentum Equation will be used to investigate the collapse of wave 

function and the randomness of photon or electron in Double Slit Test.  

 

5. Verification of Schrödinger Momentum Equation Through Double Slit Test 

As we know that there are two very mysterious physical phenomena in Double Slit Test.  

First one is when the quantum, for example, photon, is viewed by a watcher, the characteristic 

of wave of the photon will disappear and only show the characteristic of the particle, that is, the 

wave function collapse takes place. The second one is the randomness of the quantum, that is, 
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people could not predict the quantum, for example, photon, will pass through which slot of two 

slots. These two mysterious phenomena cause many guesses and explanations. Now we can 

try to use Schrödinger Momentum Equation to investigate them.   

Historically, because photon had been tested early than electron in Double Slit Test, 

without the loss of generality, we only consider the photon as an example. 

 

5.1 Discussion of Collapse of Wave Function 

If assume one photon with momentum 𝑝 is emitted and is moving, then according to  

Schrödinger Momentum Equation (29), we have   

[−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] = 𝑖𝑝    (29-1) 

Let us imagine another photon is moving with momentum 𝑝 in opposite direction, then its  

Schrödinger Momentum Equation can be written as  

[−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] = −𝑖𝑝   (29-2) 

Aften these two photons interfere each other, we can add Equation (29-1) to Equation (29-2). 

Then we have that   

[−
ℎ

2

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+

𝑚𝜓(𝑥, 𝑡)𝑉(𝑥)

ℎ
] + [−

ℎ

2

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+

𝑚𝜓(𝑥, 𝑡)𝑉(𝑥)

ℎ
] = 𝑖𝑝 − 𝑖𝑝 

[−
ℎ

2

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
+

𝑚𝜓(𝑥, 𝑡)𝑉(𝑥)

ℎ
] = 0 

 

If we assume 𝑉(𝑥) = 𝑉(0) is a constant, then we have 

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
−

2𝑚𝑉(0)

ℎ2
𝜓(𝑥, 𝑡) = 0 

The above equation is an ordinary different equation without the characteristic of wave, that is, 

the characteristic of the wave has disappeared. This is the so-called the collapse of wave 

function. The above derivation is the mathematic explanation of wave function collapse. 

If we further assume 𝑉(𝑥) = 𝑉(0) = 0, then we have 

𝜕2𝜓(𝑥, 𝑡)

𝜕𝑥2
= 0 

Then  

𝜓(𝑥, 𝑡) = 𝐴𝑥 + 𝐵 

where 𝐴  and 𝐵 are integral constants. 
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That is to say, the motion of the quantum is a straight line after the wave function collapses.  

This conclusion matches the test result. 

Since we know that the photon and electron have different momentums. Based on the 

above discussion, if a photon or electronic, is interfered by another photon or electronic, the 

collapse of wave function takes only place in the same particles. That is to say, the collapse of 

wave function of photon can only be generated by photon; the collapse of wave function of 

electron can only be generated by electron. The photon cannot cause the collapse of wave 

function of electron. And also, the electron cannot cause the collapse of the photon.  

 

5.2. Discussion of Phenomenon of Randomness 

Now we investigate the phenomenon of randomness from both physical aspect and 

mathematical aspect.  

Without the loss of generality, we only consider photon. 

a. Physically 

About the phenomenon of randomness of photon, since the wave function of the 

quantum is a displacement function, this indicates the quantum-self does not have characteristic 

of randomness. However, the characteristic of randomness of photon really exists in Double Slit 

Tests. Based on this fact, we can infer that the motion of the photon is randomly interfered by 

one or two kinds of quanta, which are mysterious and unknown by human beings up to now. 

These random interferences from the quanta cause the randomness of the photon in the Double 

Slit Test.   

It should be pointed out that so far we do not know anything about these mysterious 

quanta and only can infer that the mass of the quanta is smaller than the photon or electron.  

We expect more investigation and tests to discover these mysterious quanta. 

b. Mathematically 

Now we assume that one photon, A, with momentum 𝑝 is emitted and is moving, then its 

Schrödinger Momentum Equation is as follows: 

[−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] = 𝑖𝑝    (A) 

We imagine another particle, B, is moving in space with momentum 𝑝1, its Schrödinger 

Momentum Equation can be written as  

[−
ℎ

2

𝜕2𝜓1(𝑥,𝑡)

𝜕𝑥2 +
𝑚1𝜓1(𝑥,𝑡)𝑉1(𝑥)

ℎ
] = 𝑖𝑝1   (B) 

After particle B interferes with this photon A, their Schrödinger Momentum Equation can 

be written as follows: 

 [−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] + [−

ℎ

2

𝜕2𝜓1(𝑥,𝑡)

𝜕𝑥2 +
𝑚1𝜓1(𝑥,𝑡)𝑉1(𝑥)

ℎ
] = 𝑖𝑝 + 𝑖𝑝1  (C) 
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In order to consider the motion of photon, we assume the mass of particle B is very 

small, compared with the mass of photon. Then we can re-write Equation ( C ) as follows:  

[−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] + [−

ℎ

2

𝜕2𝜓1(𝑥,𝑡)

𝜕𝑥2 +] = 𝑖𝑝 + 𝑖𝑝1     

            

 [−
ℎ

2
(

𝜕2[𝜓(𝑥,𝑡)+𝜓1(𝑥,𝑡)]

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] = 𝑖(𝑝 + 𝑝1)    ( D ) 

If comparing Equation ( D ) with Equation (A ), then it can be found that the difference of the 

motion of photon between two equations is from particle B. If particle B disappears, then the 

motion of the photon is totally the same. So, we can say if the motion of photon A is changed, 

then the photon must be inferred by particle B. If photon A is interfered by numeric and random 

particles, 𝐵1, 𝐵2, 𝐵3 … 𝐵𝑛,𝐶1, 𝐶2, 𝐶3, … 𝐶𝑛  and so on, then the motion of photon A will certainly 

show the characteristics of randomness. However, In Double Slit Test, the motion of the photon 

shows indeed the randomness. Based on this fact and Equation ( D ), we can infer reasonably 

that there does exist one type or two types of mysterious and unknown particles for us, 

which cause the randomness of the photon in Double Slit Test.   

Summarize the above discussion, we can say that Schrödinger Momentum Equation can 

not only reasonably explain the collapse of wave function, and also it predicts the existence of 

mysterious and unknown particles in Double Slit Test. So, Schrödinger Momentum Equation 

has been verified through the test.  
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6. Conclusions 

In this paper, we use theory of de Broglie and Bohm as well as Einstein’s thought as a 

foundation to analyze the motion of a particle both in the frame of Newtonian Mechanics and in 

the frame of Classic Quantum Mechanics. The results indicate that  

a. Schrödinger Equation is a displacement equation and the wave function is a 

displacement function; 

 

b. Schrödinger Momentum Equation is as follows:   

 

[−
ℎ

2

𝜕2𝜓(𝑥,𝑡)

𝜕𝑥2 +
𝑚𝜓(𝑥,𝑡)𝑉(𝑥)

ℎ
] = 𝑖𝑝     

 

c. According to Schrödinger Momentum Equation, the collapse of wave function of photon 

can only be generated by photon; the collapse of wave function of electron can only be 

generated by electron. The photon cannot cause the collapse of wave function of 

electron and the electron cannot cause the collapse of the photon.    

 

d. It is concluded that the randomness of photon or electron in Double Slot Test is caused 

by mysterious and unknow particles for human beings up to now. 

 

 



21 
 

Declarations 

 

• Ethical Approval and Consent to participate 

   No Applicable 

 

• Consent for publication 

  No Applicable 

 

• Data availability 

  The datasets used and/or analysed during the current study available from the corresponding    

  author on reasonable request. 

 

• Competing interests 

   The authors declare that they have no competing interests 

 

• Funding 

   No Applicable 

 

 

 

 

 

 

 

 

 

  



22 
 

References 

[1] de Broglie, Louis, 1928, “La nouvelle dynamique des quanta”, in Solvay 1928, pp. 105–132. 

[2] Pauli, W., 1928, “Discussion of Mr de Broglie’s report”, in Solvay 1928: 280–282 

[3] Einstein, Albert, Boris Podolsky, and Nathan Rosen, 1935, “Can Quantum-Mechanical Description of 

Physical Reality be Considered Complete?”, Physical Review, 47(10): 777–780. doi:10.1103/PhysRev. 

47.777 

[4] Bohm, David, 1952, “A Suggested Interpretation of the Quantum Theory in Terms of ‘Hidden’ 

Variables, I and II”, Physical Review, 85(2): 166–193. doi:10.1103/PhysRev.85.166 

–––, 1953, “Proof that Probability Density Approaches in Causal Interpretation of Quantum 

Theory”,Physical Review, 89(2): 458–466. doi:10.1103/PhysRev.89.458 

[5] Bell, John S., 1964, “On the Einstein-Podolsky-Rosen Paradox”, Physics, 1(3): 195–200. Reprinted in 

Bell,1987c: 14–21 and in Wheeler and Zurek 1983: 403–408. 

–––, 1966, “On the Problem of Hidden Variables in Quantum Theory”, Reviews of Modern Physics, 38(3): 

447–452. doi:10.1103/RevModPhys.38.447 Reprinted in Bell 1987c: 1–13 and in Wheeler and Zurek, 

1983: 397–402. 

–––, 1980, “De Broglie-Bohm, Delayed-Choice Double-Slit Experiment, and Density Matrix”, 

International Journal of Quantum Chemistry, 18(S14): 155–159. 10.1002/qua.560180819 Reprinted in 

Bell 1987c:111–116. 

–––, 1981a, “Bertlmann’s Socks and the Nature of Reality”, Journal de Physique Colloques, 42(C2): 41–

62. doi:10.1051/jphyscol:1981202 Reprinted in Bell 1987c: 139–158. 

–––, 1981b, “Quantum Mechanics for Cosmologists”, in Quantum Gravity 2: A Second Oxford 

Symposium, 

[6] Dürr, Detlef, Sheldon Goldstein, and Nino Zanghì, 1992a, “Quantum Equilibrium and the Origin of 

Absolute Uncertainty”, Journal of Statistical Physics, 67(5): 843–907. doi:10.1007/BF01049004 

–––.1992b, “Quantum Chaos, Classical Randomness, and Bohmian Mechanics”, Journal of Statistical 

Physics, 68(1): 259–270. doi:10.1007/BF01048845 

[7] Allori, Valia, Detlef Dürr, Sheldon Goldstein, and Nino Zanghì, 2002, “Seven Steps Towards the 

Classical World”, Journal of Optics B, 4(4): 482–488. doi:10.1088/1464-4266/4/4/344. 

[8] Allori, Valia, Sheldon Goldstein, Roderich Tumulka, and Nino Zanghì, 2008, “On the Common 

Structure of Bohmian Mechanics and the Ghirardi-Rimini-Weber Theory”, British Journal for the 

Philosophy of Science, 59: 353–389. doi:10.1093/bjps/axn012 

[9]  Allori, Valia, 2015, “Primitive Ontology in a Nutshell”, International Journal of Quantum Foundations, 

1(3):107–122. 



23 
 

[10] Goldstein, Sheldon, Travis Norsen, Daniel Victor Tausk, and Nino Zanghì, 2011, “Bell’s Theorem”, 

Scholarpedia , 6(10): 8378, revision #91049. doi:10.4249/scholarpedia.8378 

[11], E. Schrödinger, Second Series, December, 1926, Vol. 28, No. 6 THE PHYSICAL REVIEW, AN 

UNDULATORY THEORY OF THE MECHANICS OF ATOMS AND MOLECULES  

 

 

 

 

 

 

 

 

 


