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Abstract:

In the present work, a new weighted measure of dissimilarity between two probability distributions is
proposed. The properties of the proposed measure have been discussed and it is shown that the proposed
measure is a valid weighted measure of dissimilarity between two probability distributions.
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I. INTRODUCTION

Let
P(n) = {p1: P2, s Pi-1,Pi> Pi+1s - lpn} and Q(n):
{91,92, -, 9i-1, 91, Gi+1, -, qn} be two probability

distributions defined on a sample space X.Due to its
applicability in various domains, how to quantify
the dissimilarity between two probability
distributions has been a matter of concern for many
researchers over the past few years. Kullback and
Leibler[1, 2] proposed a measure of dissimilarity
between P(n) and Q(n) as

K(P(m); Q(m)) = Bl p; log & (L1
The symmetric version of (1.1) is given as
J(P(); Q(n)) =
K(P(m); Q) + K(Q(m); P(n) =
Tiea i — q)) log & (1.2)
A number of other divergence measures have
proposed by researchers which are either
generalizations of (1.1) or are not direct

generalizations of (1.1), but satisfy all the properties
that the measure (1.1) satisfy [3,9,10 and 11]. In
general any dissimilarity function D(P(n), Q(n))
between P(n) and Q(n) must satisfy the following
properties.

a) D(P(n),Q(n)) > 0.

b) D(P(n),Q(n)) =0 if and only if P(n)
and Q (n)are identical distributions.
Now consider a utility distribution
W(n) = {W1: W2, i, Wi, Wi, Wit 1) o,y Wn}
characterizingthe weights of the set of events
S = {El, EZ' vy Ei—l! Ei! Ei+1' vy En}
events with probabilities p;. Now consider two
weighted information schemes as

Ey,Ey .. E; 4E; Eiyy.. E,
S=|pPupz -

Pi-1Pi Pi+1-- Pn

Wi, Wy oo Wi_1W; Wi+1n... Wp
pi=0,w;>0i=1,2, ...,n,zpi =1

i=1
and

Ei{,Ey, ... E;_4E; Eiy1... E,
§*= (‘h,(h v Qi-1qi Qiv1 - %)

Wi, Wy oo Wi_qW; Wl+1 w,

g, =20w;>0,i=1,2,.. qu_l

The utility distribution W (n)is 1dentlcal for both
the schemes above since the utility of any event is
assumed to be independent of its probability of
occurrence. In general, w;(i = 1,2, ...n)is a non —
negative, finite, real number accounting for the
relevance, significance or the utility of the
occurrence of an event with probability p;(i =
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1,2, ...n). Also, if one event is more relevant, more
significant, and more useful (with respect to a given
goal or from a given qualitative point of view) than
another one, the weight of the first event will be
greater than that of second one.In general the
weights are independent of the probabilities i.e. any
event with low probability of occurrence can be
assigned a higher weight and vice versa.

Taneja and Tuteja [4] proposed a generalization
of (1.1) as

1(PGV; Q) W) = Zwml log ¢

(1.3)
The above function (1.3) represents a weighted
measure of dissimilarity between P(n) and Q(n).
When w; = w(say), a constantfor each i, then (2.1)
reduces to (1.1). The major issue with (1.3) is that
weights and probabilities are not properly
integrated and as a result is not a valid measure of
weighted dissimilarity.Also various authors [5, 6, 7
and 8] have shown that the weighted measure of
dissimilaritygiven by (1.3) can be both negative and
positive and can even vanish when P(n) is not
necessarily equal to Q(n). The object of this paper
is to characterize a new weighted measure of
dissimilarity which do not suffer from the weakness
mentioned above i.e. it should be always positive.
Further we will discuss the properties of the new

measure and its various econometric applications.

II. NEW WEIGHTED MEASURE OF
DISSIMILARITY

Again let
P(n) = {P1. P2, Pi-1,Di» Pi+1) ""pn}
and Q(m) = {q1, 92 - 9i-1, 90> Qiv1> > Gn}

be two probability distributions defined on a sample
space X. Also consider

Wn) = {wy, Wy, e, Wi_1, Wi, Wig1, e, Wr }
characterizing the utilities of events with
probability p;(i =1,2,..n). Now  weighted

measure of dissimilarity between P(n) and Q(n) is
given as

1(P(); Q0 W) = Ty wipy log 2
Zl 1 lpl>

L_1 wiqi

S1ywipi log (26 @.1)
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The measure (2.1) is always non negative. To prove
this, we proceed as follows.

Let xq, x5, ..., X, be positive real numbers and let
aq,ay, ..., Ay be non-negative real numbers whose
sum is one. Then from weighted geometric
harmonic mean inequality, it follows that for n > 2.

n

1 .

s [
i=1 (x_l) i=1

with equality if all x;’s are equal and )/~ a; = 1.

Now taking logarithm gives

log [Z ] z a; log x;

Taking «; = n—L X; in the

; above
Wibi Qi

inequality gives

log Z Di z pl
ZL 1wml Zl 1wml ql
= —log Z w;iq;
Zl 1Wlpl
n

bi
S T .
2?=1Wipi = i gch

n n
w;iq; z (4}
s——| < ) wipilog—
ZZ?:lwiPi] = il qi
Di

n

= —Z w;p; log

i=1

+Zl 1W1pl lOg [Zl 12 qulpl] = 0.

= I(P(n); Q(n); W(n)) > 0.

When w; = w(say), a constant for each i, then (2.1)
reduces to (1.1).Also the measure (2.1) vanishes if
and only if the if and only if

1,2,..,n

Finally, the measure (2.1) remains the same when
the elements in the triplet (p;, q;, w;),i = 1,2,...,n
are permuted among themselves ie. (2.1) is
permutationally symmetric.

p; = q; for i =
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We can now list properties of (2.1) which will
ascertain it as a valid weighted dissimilarity
measure between two probability distributions.

a) The function (2.1) is always non negative i.e.
I(P(m); Q(); Ww(n)) =0

b) I(P(n); Q(n); W(n)) = 0 if and only if

pi=gq;fori=1.2,..,n

¢) The function (2.1) is permutationally symmetric
with respect to the the triplet (p;, q;, w;), i =
12,..,n.

d 1(1/2;1;1) =1.

e) Let Q(n) be uniform distribution given by

()_{1 1 111 1}—0
Q(n) = e = n)
Then
I(P(n); U(n))
= Z w;p; lognp;
i‘r=11
+zw-p-log —Z?=1Wi
= e n2?=1WiPi

= 1(P(n); U(n))

n
Z?:1 w;
= wip;log | e ——
pr i=1 WiPi

n
ol Z w;p; logp;
=1

which can be written as

I(P(n);U(n)) = HWU(n)) — H(P(n)), where
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n n
HWUm) = ) wipilog D
= i=1 WiDi
and
n
HUMm)) = - Z w;p; logp;
i=1
II1. CONCLUSION

In the present work, we have developed a new
measure which quantifies the weighted dissimilarity
between two probability distributions. Work on
generalization of the proposed measure is in
progress and
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