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ABSTRACT

Take-off and landing maneuvers are studied replacing the velocity-square law of atmospheric drag by
parabolic polar drag and as such the equations of motion are set up and mostly solved in close form. Hence
the distance traveled and Velocity gained on the runway are determined. Variation of the aircraft weight due
to fuel consumption, however small may be during travel on the runway, is taken into consideration. A case
wherein a variable thrust is exerted leading to movement of the aircraft on the runway with a uniform
velocity for some time is also investigated .Finally the fuel consumption on the runway is computed.

INTRODUCTION

Angelo Miele? discussed take-off and landing performance, considering conventional velocity-square-law of
drag but neglecting variation of the aircraft weight due to fuel consumption on the runway.
Kettle,D. . ,estimated  take-off and landing Airborne Paths. SN Maitra', present author, incorporated
performance of take- off and landing obeying velocity —square law of drag.The equations of motion' of the
aircraft during airborne phase vis-a-vis for its travel on the runway are written' as

X=vV
T—Dp—pR —%vz 0 (1)
R+L-W=0
W+cT=0 2)
1 2
L= 2 CLpSv
Page2
1 kaw?
Dp=> CpopSv2+—— (3)
where ki =constant, R the normal reaction of the
runway, | the coefficient of runway friction, v the velocity and x the distance,

Cy, the coefficient of lift, p the air density, S the reference area of the aircraft, Cpgxero-lift coefficient of
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drag, c the specific fuel consumption, Dp the parabolic polar drag, W the instantaneous weight,W, the initial
weight of the aircraft, ie at the time of beginning of its movement on the runway, T the thrust,

the dot sign a derivative with respect to time t and g the acceleration due to gravity.Since ~ we  have
considered variation of the weight of the aircraft due to its fuel consumption on the runway, another
equation (2) arises in this feature unlike Miele’s' observation.

MOTION OF THE AIRCRAFT ON THE RUNWAY WITH CONSTANT THRUST
The initial and boundary conditions are prescribed as

At time t=0, W=W, v=0, x=0 for take-off (@Y)

while the distance traveled by the aircraft in tme ty is Xxx whereas

At time t=0, W=W_, v=vi, x=0 for landing &)

where the distance covered in coming to rest in time t;, of landing is xi..Since the fuel consumption for travel
on the runway is very small compared to the fuel intake, we rule out choosing the instantaneous weight as
the independent variable for solutions to the governing equations. Then solution to equation (2) with (4) in
consequence of constant thrust T yields the instantaneous weight

W=W,—Tt (6)

Combining equations (1) ,(2) (3) and (6) one gets,

dt  k(b—t)
E: 22 (7)
2a2—v2 —v—%

Page3
T—uW, 2k, W3 2¢T w
where a2 =———%_ a2 = 170 g— b= (8)
pS(Cpo—nCL) pS(Cpo—rCL) pSg(Cpo—uCL) cT
1 dt v2 1 B2 +a2 B2—2aZ2
Or, = = - ) 9.1)
k(b—t) dv B*—(v2-a2)2 2B2 * B2+a%?-v2 B2-aZ+v?

For minor approximation in the expression of parabolic drag, W is replaced by its initial
value W, on account of small variation of W on the runway. (9.1) leads to

1 dt q1 qz
&£ - — 2
(b—t) dv  p2-vZ  pZ+v? ©-2)

k(B%+a?) _ k(B%-a?%)
2B2 9©=""p

where B* =a*—a?, q=, (10)

p? =B%+a?, pZ =B2—a? (11)

ISSN : 2581-7175 ©IISRED: All Rights are Reserved Page 233



International Journal of Scientific Research and Engineering Development-— Volume 6 Issue 1, Jan-Feb 2023

Available at www.ijsred.com

Take —off performance :

With relevant initial conditions (4) solution to equation (9) turns out to be

£t _ q1 p1+tv Q2 —1v/
—lo (1——)——10 —— — =—=tan~ "/P2
& b 2py gp1—V p2

t) _ q2 —-1v/ q1 p1+v
lo (1——)——tan P2 — 2 ]og———
& b P2 2p, gP1—V

In other words taking n1=2qT1 ) n2=g—2 and simplifying for t=ty and v=vi we get
1 2
ty=b{ 1_(w)n1 enztan—lvk/Pz} (12)

P1+Vk

which gives the time taken to take off with lift-off velocity vy

In order to find the take-off run xx we rewrite equation(7) as

d_X_ k(b—t)v . _ _ P17V nq nztan_lv/pz
dv ’ t=b{l (p1+v) € }

2
2a2—p2-21
)

Eliminating t between these two equations and recalling (9),we get

Page4

dx p1—v)n1 notan=1v/Pz , di a2

T (RLY) 7 ome 41 %y, 1
dv b (p1+v (pﬁ—vz p%+v2) (13)

Because of initial conditions (4),integral of (13) becomes

v\ —
Vk (P1—V notan—1v/P2 d1 92
k fO (p1+v) (pi—vz p%+v2) (14)

which can be evaluated numerically with given numerical values of the parameters .
Landing performance :

In view of (7) for landing performance, the equation of motion with reversed constant thrust is modified as

dt —k(b-t
e, (15)

a
2a2+v2+-%
v

which with the same technique as earlier is reduced to the form

1 dt_ -v2 1 a?+D? a?-D? )
k(b—t) dv (v2+a2)2-D*  2D2 ‘vZ+a2+D2  v2+a2-D?2
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1 dt k a%+D? a%-D?
or,— —— = — - ; D* =a* —a% 16
> (b-t) dv 2D2 “v2+4a24D2 V2+32—D2) ’ 1 (16)

which subject to the initial conditions(4) admits of the solution:

v v VL VL

LOg(l_ tB) = % [{rltan—lH — I, tan_la}—{rltan_lq -TI, tan_lg}] (17)
t= b[l — DLe%{Htan_lH—rz tan_lﬁ}] (]8)
where r{ =a®+D? and r; = a2 — D?
-k —1 YL 1YL
D, =em{r1tan Ti—r,tan I2} (19)

Page5

Putting v=-0 in (18) and using (19) is found the time t;, of run during landing the aircraft :
\49 _1VL

t.=b{ l_e(%rltan_lq—rz tan r2) ) (20)

To find the distance x| traveled on the runway while landing we multiply (15) by % = v and substitute for
(b-t) from (18)

\ \4
. BT BT
dx —kaLv3ezDz{r1tarl 1-rztan } 21
dv 2v2a2+vt+a?
\%
xi=kbDy, ["v3 f(v)dv (22)

where f(v) is defined as above and this integral has to be evaluated by numerical process with given
numerical values of the parameters. Needless to mention that because of constant thrust, there is uniform rate
of fuel consumption.

OPTIMUM VALUE OF PARABOLIC DRAG

Differentiating Dp from (3) with respect to v? and equating to zero,

2
2D,

d(VZ)Z

L = 2 CpopS — ky W2 % =0,

—_ 22
@ =2 = kW25 >0 (23)

which implies that the parabolic drag is minimum when the velocity is

_ k1W2 1/4
v=(2 ) (24)
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Owing to very small consumption of the fuel during the run on the runway, variation of the weight W of the
aircraft is somehow neglected and as such differentiation of W with respect to v does not take place in
equation (23). Substituting for v from (24) in (3), we get

1 k,W? CpopS k
Dp=3 CpopS(2 -0/ +ky W2 (Z28) Y/ 2=2W [CpopS T+ (25)

Page 6

Replacing vy, in (12) and (14) respectively by expression for v given by (24),we obtain the velocity acquired
and distance covered corresponding to the minimum parabolic drag (25) during the take-off run. Similarly
we can find out the relevant velocity and distance for landing run and the times reckoned for these two runs
can also be determined.

UNIFORM VELOCITY OF THE AIRCRAFT ON THE RUNWAY UNDER PARABOLIC DRAG
DURING TAKE OFF /LANDING

Uniform velocity for some time during take-off : To execute a uniform velocity on the runway for some
time, a constant thrust is applied so that the aircraft is accelerated to a certain velocity overcoming the
resistive force comprising the drag and runway friction. Thereafter it moves with this velocity as uniform
velocity applying a controlled variable thrust equated to the resistive force as above. Hence recalling the
preceding equations (1) to (3) the instantaneous thrust is regulated as

T=Dp+iR =2pS(Cpo — pCy) vZ+ W2 + uW (26)

which is substituted in equation (6) to obtain the fuel consumption :

aw 1 k
—=—¢5pS(Cpo — MCy) v+ W2 + uiW'} (27)

To solve this differential equation we need to adapt some procedure of approximation but that too without
sacrifice of accuracy and generality. We replace W2by WW, in (27) because of small variation of the
weight of the aircraft due to insignificant fuel consumption on the runway. Hence the equation reduces to the
form

aw 1 k
=<5 pS(Cpo — nCy) V2+W(V—;WO +w} (28)

Integrating (28) subject to the initial conditions (4),one gets time t in terms of weight W
Page7

1 k
_ 1 GPS(Cpo—nCL) VZ+Wo( 3Wo+1)}

K 1087 K
FWotw) (5pS(Cpo—hCL) VZ+W(_3Wo+m)}

(29)
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1 k
{5PS(Cpo—nCL) VZ+W( FWo+u)} ~(Bawou)et
= e \v2
1 k
{zpS(Cpo—nCyL) vZ+Wo( V—%Wo +}

W, > W

b

1 k
Or,~pS(Co — nCL) V2 + W( 5 Wo + 1)

K
= {% pS(Cpo — KCL) vZ + Wy( %WO +w} e_(v_%wo"'”)Ct

Or, W(2W, + )

L5t

K
= Wo(%wo + W e_("zwow)Ct - {% pS(Cpo — nCy) vA}H1 — e_(v_%w""'“)“}

kl k1
k - —=Wgp+pjct 1 —| —=>Wpop+pct
W Wo(v—%Wo+u)e (vz ) —{5pS(Cpo—hCy) vZ}{1-e (v2 ) }

(30)
];—%Woﬂl)
gives the weight of the aircraft at time t on the run way due to fuel consumption €.However, the fuel
consumption € can be expressed in a proper form:

gt
Wo( SWo+n)+2pS(Cpo—uCL) v2}{1—e (Fwors)ey

e=W, - W=
° (Swo+p)

(30.1)

which shows that greater the chosen velocity , more is the fuel consumption. Similarly in case of landing,
the aircraft can be driven with touchdown velocity or with a uniform velocity for some time on the runway
maneuvering the controlled variable thrust and so the fuel consumption during that time can be computed as
above. If the chosen uniform velocity is the velocity that ensures minimum parabolic drag,it facilitates faster
movement of the aircraft on the runway.

Maintenance of this controlled thrust T for this feature is done using (26) and (30):

k1 kl
K —(=Z2wg+p)ct 1 =\ =2Wo+u)ct
Wo(v—§wo+u)e (vz ) —(5PS(Cpo—nCy) v¥}{1-e (VZ )

1
T =2 pS(Coo — HCL) V24 (1)

(AWo+p)
which suggests that greater the thrust, greater is the velocity.

UNIFORM VELOCITY ON THE RUNWAY WHILE OVERCOMING CONVENTIONAL DRAG AND
RUNWAY FRICTION

In this case equation (26) and (27) are amended by removing the term containing k; so that

T=D+uR
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T=pS(Cp — nCy) v+uW (32)
dw 1
= <5PS(Cp — pCy) v2 + uW} (33)

Solving (32) and applying the initial conditions (4) is obtained

1
7pS(Cp—pCy) V2 +uWw

-cut = log 7
ZpS(Cp—nCL) vZ+uWo
1
1 >pS(Cp—pCL) V2+uWo
Or, t=— log% (34)
cp EpS(CD_uCL) vZ+uW

Or. 5pS(Cp = HCL) V2 + pW = (5pS(Cp — HCL) V2 + pWp)e™®"

Hence the instantaneous weight of the aircraft with this uniform velocity is given by
W=(; pS(Cp — HCL) =+ Wo)e ™t = 2pS(Cp — uCy) =

Page 9

Or, W = Wye Mt — %pS(CD —uCy) %(l—e‘c“t) (35)

Hence the fuel expenditure for movement of the aircraft for some time with the chosen uniform velocity v
overcoming the drag obeying velocity-square law and runway friction during take-off or landing becomes

B=Wo—W = {pS(Cp — HCL) =+ Wp)(1—ee) (36)

Maintenance of the thrust for this design of uniform velocity on the runway is given by virtue of (32and
(35):

T=2pS(Cp = HCL) V2 + pWoe ™ — 2pS(Cp — pCy) v(1—e™
Or, T={ uWo + 5 pS(Cp — nCy) v2Je " (37)

The results can be verified in the foregoing analysis by putting k;=0 entailing parabolic drag turning into
square-law- velocity drag. Equation (36) reveals that the thrust increases with the increase in velocity and
the maneuvering thrust is a reducing exponential function of time from its initial value Ty :

To = uWo +5pS(Cp — nCy) v2 (38)

On scrutinizing the relevant thrust expressed by equation (31),it plays the same role as above, viz, equation
(37).
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CONCLUSION

In this paper the fuel consumption is only partially neglected during its travel on the runway in determining
all the parameters, viz, thrust, parabolic drag, weight, fuel consumption, velocity acquired, distance traveled,
etc.However, equation (27) can be solved without resorting to any technique of approximation and subtlety
and hence is rewritten as

aw 1 k

— = —c{5pS(Cpo — uCy) v+ W2 + pW}
Pagel0

(58 (Cpo — PCL)FW? + 2pm W
- CVZ Zklp ( Do “’ L) uzkl }

2 2

—_ck N (X)) _
=—c2{(WHns) = (ng) +5opS(Coo — HCL) )

2\ 2 4
Letting ( ;Tl) — 51 PS(Cpo — HCL)= E? (39)
Is obtained the rate of fuel consumption as

W+ uv—zl)z —E%}) (40)

which is solved using the initial conditions (4):
V2 VZ
_ 1 1 W+HE—E W0+ME+E} B Ky
=5log{ —2 2 J=—c;t
W'H,I,E'I‘E W0+},I,E—E

VZ V2
W+”2k1 —E (WOJ’F‘E"E}) e—ZEcl‘;—%t

v2 -
W-H,lm'l‘E

v2
Wy +pm+ E

kq
—2Ec—t
)

V2 V2 V2
W+}J.E (W0+HE+E)+(W0+HE—E})€
Or, - =

k1
v2 v2 —ZEC—Zt
(Wothg+E)-(Wotpg——Epe v

k
v2 v2 —2Ec—Lt
Wy +HE+E)+(WO +HE—E})€ v? v2

Or, W=E 0~ Mo — (4D

v2 v2 —2Ec—=t 2k1
(Wo+hgi+E)=(Wo+ig——Ebe v?
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represents the weight of the aircraft at time t. Hence the fuel consumption a. :

—ZEc];—%t ,
A%
2, T o 42)

—2Ec—t
v2

2 2
(W0+uZVT1+E)+(W0+uZVT1—E)e
o=Wo—-W=W, - FE

v2 v2
(Wothg—+E)=(Wotig— —EDe

Page 11
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