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Abstract:

In this article, we present tripled coincidence point theorems for F : X3 — X and g :X — X
satisfying weak (u, ¢, W) — -contractions in partially ordered metric spaces. We also provide non-trivial
examples to illustrate our results and new concepts presented herein. Our results unify, generalize and
complement various known comparable results from the current literature, Berinde and Borcut [5], Aydi et

al. [4] and many more previous known results.

Keywords — Tripled Coincidence Point, Tripled Common Fixed Point, Mixed Monotone, Mixed

g- monotone .

skt sk sk sk stk sk sk sk ok sk ok

I. INTRODUCTION

Recently, Samet and Vetro [10] introduced the
notion of fixed point of N- order, as natural
extension of the coupled fixed point and
established some new coupled fixed point
theorems in complete metric spaces, using a new
concept of F- invariant set. Later, Berinde and
Borcut [5] obtained existence and uniqueness of
triplet fixed point results in a complete metric
space, endowed with a partial order.

Now we recall come previous known definitions
and results which are as follows.

Again, let (X, <) be a partially ordered set. The
mapping F:X3 - Xis said to have the mixed
monotone property if for any x,y,z € X.

L X,% €X % < x,=> F(x,y,2) < F(x,,y,2),

i yuy, € X y1 2y, = Fxy,z) 2F(xy,2) ,
ii. 7,,2, € X, 7, < 2z, = Fx,y,2;) < F(x,y,2;)

An element (x,y,z) € X3 is called a triplet fixed
point of F if
F(x,y,z) = x, F(y,x,y) =y, and F(z,y,x) = z.

Berinde and Borcut [5] proved the following
theorem.

Theorem 1.1:- Let (X, <) be a partially ordered
set and (X,d) be a complete metric space. LetF :
X3 - Xbe a continuous mapping having the
mixed monotone property on X. Assume that
there exist constants a,b,c € [0,1) such that
a+ b+ c < 1forwhich,

d(F(x,y, z),F(u,v,w)) < ad(x,u) + bd(y,v) + cd(z,w)
Forall x> u,y < v,z > w. Assume either,

1. Fis continuous,

2. X has the following properties:

¢ if non decreasing sequence x,, = x, then
X, < x foralln,
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e if non increasing sequencey, — y, then
yn = x foralln,

If there exist Xxq, Vo, Zg € X such that
Xo < F(X0,¥0,20)
Yo = F(yo,Xo,¥0)
zo < F(z,¥0,%0)

Then there exist x,y,z € X such that,

F(x,y,z) = %,
Fy,x,y) =y,
F(z,y,x) = z

In [Abbas, Aydi and Krapinar, Triplet fixed point
in partially ordered metric spaces, submitted]. In
this respect, let (X, <) be a partially ordered set,
F:X3 > Xand g: X - X two mappings. The
mapping F is said to have the mixed g -
monotone property if for any x, y, z € X.

i. gx, < gx, = F(x1,y,2) < F(X,,y,2)

X4, X, € X
i gy; = gy, = F(xy,,2) 2 F(x,y,,2)

Yy, ¥2 € X
iii. ng S gZZ = F(lerzl) S F(Xry:zz)

Z1,Z, € X

An element (x,y,z) € X3 is called a triplet
coincidence point of F and g if

F(xy,z) = gx
F(y,x,y) = gy,
F(z,y,x) = gz

while (gx,gy,gz) is said a triplet point of
coincidence of mappings F and g. Moreover
(x,y,2) is called a triplet common fixed point of
F and g if

Fx,y,z) = gx
F(y,x,y) = gy, and
F(z,y,x) = gz

At last mappings F and g are called commutative
if g(F(xy,z)) = F(gx,gy gz), Vxy,z€ X

In the same paper, they proved the following
result.
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Theorem 1.2:- Let (X, <) be a partially ordered
set and (X,d) be a complete metric space.
Assume there is a function @:[0,o) -
[0,0) such that ¢(t) < tfor each t > 0. Also
suppose thatF : X3 - Xandg: X - X are such
that F having the mixed g — monotone property
on X. Assume that there exist constants a,b,c €
[0,1) such that a + 2b + ¢ < 1 such that,

d(F(X, y,z),F(u,v, w)) < o (a d(gx, gu) +
b d(gy,gv) + cd(gz gw)) «eereeenn. 1.2
forall gx > gu,gy < gv,gz > gw.

Suppose (X3) c g(X), g is continuous and
commutes with F. Suppose either,
1. Fis continuous,
2. Xhas the following properties:
¢ if non decreasing sequence gx,, = x, then
gx, < x foralln,
¢ ifnon increasing sequence gy, — y, then
gy, = y foralln,
If there exist xq,y,Zo € X such that
gxo < F(Xo,¥0,20),
g8Yo = F(yo,%0, o),
gzo < F(zo,y0,%o) -

and

Then there exist x,y,z € X such that,

F(x,y,z) = gx,
F(y,x,y) = gy,and
F(z,y,x) = gz

that is, F and g have a triplet coincidence point.
In [4] Aydi et.al. prove the following theorem

Theorem 1.3:- Let (X, <) be a partially ordered
set and (X,d) be a complete metric space.
Assume there is a function ¢:[0,00) -
[0,0) such that ¢(t) < tfor each t > 0. Also
suppose that F: X3 > Xandg: X » X are
such that F having the mixed g-monotone
property on X. Assume that there exist constants
a,b,c € [0,1)such that a + 2b + ¢ < 1such
that,
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d(F(x,y,Z),F(u, v,w))+ d(F(y,x,y),F(v,u, 17)) +
d(F(z,y,%), Fw,v, u)) <
3¢ (d(‘gx"gu)Jr d(‘gjg"gvH dgz.gw) ) - 1.3
Forall gx > gu,gy < gv,gz = gw.
Suppose F(X3) c g(X), g is continuous and
commutes with F. Suppose either,
1. Fis continuous,
2. Xhas the following properties:
¢ if non decreasing sequence gx, — X,
then gx,, < x foralln,
¢ if non increasing sequence gy, — ,
then gy, = y foralln,
If there exist xy,Vy,2Zo € X such that
gxo < F(x0,Y0,20),
9Yo = F(yo,%0,¥0),
920 < F(zo,y0,%0)
Then there exist x,y,z € X such that,

F(x,y,z) = gx,
F(y,x,y) = gy,
F(z,y,x) = gz

that is, F and g have a triplet coincidence point.
The purpose of this paper is to present some
triplet fixed point theorems for a g - monotone
mapping in partially ordered metric space which
are generalization of the results of Berinde and
Borcut [5] and many more privious known
results.

Main Results

First we give some definitions, which are use to
prove of the main theorem.
Definition 2.1 :- Let @ denote all functions
@:[0,00) = [0,) which satisfy

i. @ is continuous and non decreasing,

ii. @ (t) = 0 ifft=0,

iii. o +s+t)< o)+ @(s)+

)V 1,5t € [0,0)

For example, functions ¢,(t) = kt where k >
0,02(t) = =, 93(t) = In(t+1), and @,(t) =
min {t,1} arein @.
Definition 2.2:- Let ¥ be the set of all functions
Y : [0,00) = [0,00) which satisfy
lim¢, qy(t) > 0 forall ¢ > 0and
lim o (&) = 0
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For example, functionsy;(t) = kt where k >
0, Y, (t) = @ arein ¥.

Now we prove our main results.

Theorem 2.3:- Let (X, <) be a partially ordered
set and (X,d) be a complete metric space. Let F :
X3 > Xbe a continuous mapping having the
mixed g - monotone property on X and F(X3) c
g(X) . Suppose there exist u,p € ®, Y € ¥ for
which,

m (d(F(x, y,z),F(u,v, w))) < i(p( d(gx, gu) +
d(gy,gv) + d(gzgw)) - P(d(gx, gu) +
d(gy,gv) + d(gz,gw)) ocommeenne 2.1

Forall gx = gu, gy < gv and gz = gw.

Assume that F is continuous, g is continuous and
commutes with F. If there exist xg,y0,2, €
X such that

gxo < F(X0,Y0,20),

9Yo = F(yo, %0, ¥0),

9zo < F(20,¥0,%0)

Then there exist x,y,z € X such that,

F(x,y,z) = gx,
F(y,x,y) = gy, and
F(z,y,x) = gz.

That is, F and g have a triplet coincidence point.
Proof: Let x;,y, 2z, € X such that
gxo < F(x,¥0,%0),
9Yo = F(yo,%0,Y0),
920 < F(2o,Y0,%o)
We can choose x;,Yy;,Z; € X such that
gx1 = F(xo,¥0,20),
gy1 = F(¥o,x0,¥0), and
9z1 = F(Z0,Y0,X0) wereererervern 2.2

and

This can be done because F(X3)c g(X).
Continuing this process, we construct a sequence
{x.}, {vn}and {z,} in X such that

9Xny1 = F(xn'ynfzn):

9Vn+1 = F(yn'xn'yn): and

9Zns1 = F(Zp Vi Xn) cenennn2.3
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By induction, we will prove that
9Xxn = 9Xn+1

9Yn = GYn+1 and
9Zn S GZpsq weeeeeens 2.4
Since,
gxo < F(x0,¥0,20),
9Yo = F(yo, X0, ¥0),
9zo < F(Zg, Yo, %X0) wovrerrerens 2.5

therefore by (2.2) we have
9xo = gXi,
gyo = gy, and
9zo = 9z

Thus (2.4) is true for n = 0. We suppose that (2.4)
is true for some n > 0.Since F has the mixed g
- monotone property, by (2.4) we have that

9Xn+1 = F(xnrynrzn) < F(xn+1rynrzn) <
F(xn+1rynrzn+1) <

F(Xn+1s Yne1 Zne1) Onats Xne 1 Ynar) = F 2

F(ynrxnryn+1) = F(ynrxnryn) = 9Yn+1

an+1 = F(anynrxn) < F(Zn+1rynrxn)
S F(Zn+1ryn+1rxn)
< F(Zns1, Ynt1:Xn+1) = GZnso

That is (2.4) is true
forany n € N.Ifforsomek € N,

IXk = GXk+1,
9Yk = GYr+1 and
9Zy = Y9Zg+1

then, by(2.3) (xx, Yk, 2x) is a triplet coincidence
point of F and g. From now on, we assume that at
least

gXxn * 9Xn+1,

gYn F gYn+1 and

9Zn * 9Zn+1

for anyn € N. From (2.4) and the inequality
(2.1), we have

d(gxn+1r gxn)
= d(F(xnryann)rF(xn—lryn—lrzn—l))
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ﬂ (d(F(xn'yn'Zn)'F(xn—liyn—lizn—l))) S
~@(d(gxn gxn-1) + d(GYn, GYn-1) +
d(gzn, 9zn-1))

— = Y(d(gxn, gxn—1) + d(gYn gyn-1) +
d(g2n, 97n-1))

1 (d(gxner, 9%0)) < s 9(d(gxn, gxn_1) +
d(gyn 9Yn-1) + A(gZn, 9Zn_1))

— = Y( d(gxn, gxn—1) + d(gyn gyn-1) +
d(g2n, 92n-1)) .26

Similarly we get

1(d(gyns1 gyn)) < 50(d(gxn, gxns) +
d(gYn) gYn-1) + A(GYn)GYn-1))

_glp( d(gx,, gxn_1) + d(GYn, GYn-1) +
d(gVn, GYn-1)) 2.7

1 (49741, 920)) < $9(d(gxn, gxn-1) +
d(gyn 9Yn-1) + A(gZn, 9Zn_1))

—~(d(gxn gxn-1) + d(GYn, gYn-1) +
d(gzy, 9Zn_1)) 2.8

Foreach n > 1.

By adding (2.6), (2.7) and (2.8) and from the
property of \mu we get

u (HCtn Yy 7)) < @(H(xn, Yoo ) —

Y (HGXpo1) Vnt1)Zno1))  eeeeveeeen 2.9
where

H(xnrynrzn) = d(g(xn)'g(xn+1)) +
d(gn), 9Oms1)) + d(9(2n), 9(Zn41))

or
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H(xn'ynizn) =
d(F(xn'yn'Zn)rF(xn—liyn—lizn—l))
+ d(F(yn'xn'yn)'F(yn—lixn—liyn—l))
+ d(F(Zn'yn'xn)rF(Zn—liyn—lixn—l))

Using the fact of 4, ¢ are non decreasing, we get

H(xn' yn' Zn) < H(xn—li yn—li Zn—l)
We set,

671 = H(xn—liyn—lizn—l) = d(gxn'gxn—l) +
d(gYn GYn-1) + d(gzn, gzn-1) 2.10

then the sequence {§,, } is decreasing. Therefore,
there issome§ = 0 such that

lim, ., o 6, = lim, o (d(gx,, gx,_1) +
d(gyn gYn-1) + d(g2n, g2n-1)) =8

We shall show that § = 0. Suppose, to the
contrary, that§ > 0.Then taking the limit as
n — oo of both sides of (2.9) and have in mind
that we suppose lim,, ,, Y(t) > Ofor all q >

0 and y, ¢ are continuous, we have

u(8) = lim, o ¢(6,)
limn oo M (571) = limn - 0 ( (p(5n—1) -
PY(6,-1)) < u(d)
a contradiction. Thus § = 0, thatis
lim, 0, = lim,_ ( d(gxn, gXn-1) +
A(gYn gYn-1) + d(g2n, 92n-1)) = 0 .....2.12

In what follows, we shall prove that
{gx,},{gyn} and {gz,} are Cauchy sequences.
Suppose, to the contrary, that atleast one of
{gx.} {gy.}. {gz,} in not Cauchy sequence.

Then there exists an € > 0 for which we can
find subsequence {gxn(k) } ,{gxm(k)}of {gx,}and
{gyneo} {gymao} of  {gy.}  and
{gzn(k)},{gzm(k)}of{gzn} with n(k) > m(k) >
k such that
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d(g%ni 9%may) + A(GYna 9Ymao) +
d(9Zntcy 9Zmy) = € 2.13

Additionally correspondence tom(k). we may
choose n(k) such that it is the smallest integer
satisfying (2.13) and n(k) > m(k) = k. Thus

A(9%n00-1 9%mao) + A(GYnao-1 IYmay) +
d(gzn(k)_l,gzm(k)) <€......2.14
By using triangle inequality and having in mind
of (2.13) and (2.14)
€ < P = d(gxn(k)' gxm(k))

d( gV 9Yma)
d(an(k), me(k))
d(gxn(k)' gxn(k)—l)
d(gYnio-1 9Yma))
d(an(k), an(k)—l)
d(gYnao- 1 9Ymo)
d(gzn(%)"lézn(k)—l)
d (gzn(k)—li me(k))
d(gxn(k)' gxn(k)—l)
d(9Yniey 9Ynaio-1)

d(an(k), an(k)—l) +€
ver e e eee e 2015

+

+ 4+ A+ + 4+ 4+ + A+

letting k — oo in (2.15) and using (2.12)
limpLopr = limg (d(gxn(k), gxm(k))
+ d(gVnay 9Ymw))
+ d(gzn(k)'gzm(k)))

limy_,opx = €
Again by triangular inequality,

P = d(G%na) 9%man) + A(GYngey 9Ymao)
+ d(92nae 9Zma))
=< d(gxn(k)'gxn(k)+1)
+ d(gxn(k)+1'gxm(k)+1)
+ d(g%mao+1 9%mw))
A(9Yni 9Ynao+1) + A(GYngky+1, 9Ymao+1)
+ d(gym(k)+1'gym(k))
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d(gzn(k)'gzn(k)+1) + d(gzn(k)+1'gzm(k)+1) +
d(me(k)+1, gzm(k)) =< 6n(k)+1 + 5m(k)+1 +
d(gxn(k)+1' gxm(k)+1) +

A(gYnto+1, 9Ymao+1) + A(9Znir+1 9Zma+1)
N
Since n(k) > m(k), then

gxn(k) = gxm(k) ’ gyn(k) < gym(k) ’ an(k) =
9Zmaio 218

Take (2.18) in (2.1) to get,

A(9%ny+1 9Xmao+1) + A(GVnao+1 IYmaio+1)
+ d(an(k)+1,me(k)+1)

=d (F (xn(k), Yn(k)» Zn(k))' F (xm(k):ym(k)r Zm(k)))

Available at www.ijsred.com

g(an+1) = g(F(Zn'yn'xn)) =
F(92n, g¥n, 9xn) 2.21
Now we shall show that
gx = F(x,y,2), gy =
F(y,x,y), and gz = F(z,y,x)
Suppose that F is continuous. Letting n — oo in
(2.21), therefore by (2.19) and (2.20) we obtain
gx = limn—> © {g(gxn)} =
limnewF(gxn'gyn'an) = F(x,y,z)
gy = limn—wo {g(gyn)} =
limy, , o F(gYn, 9%n, 9¥n) = F(,x, )
gz = limn—>oo {g(gzn)} =
limy, , F(g2n, 9¥n, g¥n) = F(2,¥,%)
We have proved that F and g have a tripled
coincidence point.

+d (F (Vntky Xnio» Ynao ) F (ym(k)rxm(k)'ym(k))) €orollary 2.4:- Let (X, <) be a partially ordered

d (F (Znoy Yn oy Xn0))s F (ZmGoy Yoy xm(k)))

This implies,and using the property of ¢ we get,
1 @) < @(Bnge1) + P(Bmao+1) + 0i) — ¥ (pi)

Letting k — oo and having in mind (2.10) and
(2.14), we get
u(e) <p(0)+ole) — limy 0y (p) < @ (e)

Which  contradiction. This shows that

{gx.}, {gyn}and {gz,} are Cauchy sequences.

Since X is a complete metric space, there exist
X,y,Z € X such that

limy, o {gxn} =X,

lim, Lo {gym}= v,

z

lim, ., o {92,} = ..2.19
From (2.19) and the continuity of g,
lim, , o {g(gxn)} = gx ,
limy, 5« {9(gyn)} = 9y,
lim, . »{9(g92,)} = gz ..2.20

From the commutativity of F and g, we have
g(gxn+1) = g(F(xn' Yn» Zn)) = F(gxn' IVn, an)

9(GVns1) = 9(FOm 20, 9)) = F(GVn) 9%, GVn)

set and (X,d) be a complete metric space. Let F :
X3 > Xbe a continuous mapping having the
mixed g - monotone property on X and (X3) c
g(X) .Suppose there exista € [0,1) for which,
d(F(x,y,2),F(u,v,w)) <
a (d(gx,gu) + d(gy,gv) + d(gz,gw)) 2.22
Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and
commutes with F. If there exist x,,y,,2z9 € X
such that
gxo < F(x0,Y0,20), Yo =
F(y0,%0,¥0), and gz, < F(Zo, Y0, %)
Then there exist x,y,z € X such that,
Fx,y,2) = gx,F(y,x,y) =
gy,and F(z,y,x) = gz.
That is, F and g have a triplet coincidence point.

Proof:- It follows by taking u(t) =

3 a?
a(),p) =3a’() and P()=—3 in
Theorem 2.3.

Corollary 2.5:- Let (X, <) be a partially ordered
set and (X, d) be a complete metric space. Let F :
X3® — Xbe a continuous mapping having the
mixed g - monotone property on X and F(X3) c
g(X) .Suppose there exist ¢ €D, Y € ¥ for
which,
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d(F(x,y,2),F(u,v,w)) <
(d(gx,gu) + d(gy,gv) + d(gz gw))

—(d(gx, gu) + d(gy,gv) + d(gz,%wg)g

Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and
commutes with F. If there exist x,yy,2o € X
such that

gxo < F(xo,¥0,%0),

9Yo = F(yo,%0,¥0),

920 < F(2o,Y0,%0)
Then there exist x,y,z € X such that,

F(x,y,2) = gx,F(y,x,y) =

gy,and F(z,y,x) = gz.
That is, F and g have a triplet coincidence point.
Proof:- In Theorem 2.3, taking u(t),= ¢@(t) =t
we get corollary 2.5.

and

Theorem 2.6:- Let (X, <) be a partially ordered
set and (X, d) be a complete metric space. Let F :
X"3 — X be a continuous mapping having the
mixed g - monotone property on X and (X3) c
g(X) . Suppose there exist u, ¢ €@, Y €
Y for which,

u(d(F@,y,2),Fu,v,w)) + d(F(,%,),F(v,1,0)) +
d(F(z,y,%), F(w, v,u))) < <p( d(gx,gu) +

d(gy, gv) + d(gz,gw)) — ¥( d(gx,gu) +
d(gy,gv) + d(gz,gw)) 2,24

Forall gx = gu, gy < gv and gz = gw.
Assume that F is continuous, g is continuous and
commutes with F. If there exist x,,y,,2, €
X such that

gxo < F(x0,¥0,20),
9Yo = F (Yo, x0,¥0), and
9zy < F(zp,¥0,%0)
Then there exist x,y,z € X such that,
F(x,y,2) = gx,
F(y,x,y) = gy,and
F(z,y,x) = gz.
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That is, F and g have a triplet coincidence point.
Proof:- From the Theorem 2.3 we have,

m (d(F(x, y,2),F(u,v, w))) < i(p( d(gx, gu) +
d(gy,gv) + d(gz,gw)) —sp(d(gx, gu) +
d(gy,gv) + d(gz gw)) e 2.25

Similarly we get,

u (d(F(y, x,y),F(v,u, v))) <-o(d(gx gu) +
d(gy,gv) + d(gy,gv)) —s¥(d(gx, gu) +
d(gy,gv) + d(gy,gv)) 2,26

and

m (d(F(z,y, x),F(w, v, u))) < i(p( d(gx, gu) +
d(gy,gv) + d(gz,gw)) —=¥(d(gx, gu) +
d(gy,gv) + d(gz gw)) o227

by adding (2.25), (2.26) and (2.27) and property
of u then the result is follows similarly to the
prove of Theorem 2.3 and nothing to remain
prove in Theorem 2.6.

Remark 2.7:- If we take ¢(t) =§ tand ¥(t) =

gtin Theorem 2.6 then we get special case of
Theorem 1.3.

Remark 2.8:- If we take u = 3t, ¢(t) = tand
¥Y(t) = (1 — k) tin Theorem 2.3 then we get

special case of Theorem 1.1 fora = b = ¢ =§
where k < 3.

Theorem 2.9:- In addition to hypothesis of
Theorem 2.3 suppose that for all (x,y,z) and
(u,v,w) in X3, there exists (a,b,c) in X3 such

that (F(a,b,c),F(b,a,b),F(c,b,a)) is
comparable to (F(x,y,z),F(y,x,y),F(z,y,x))
and (F(u, v,w), F(v,u,v),F(w,v, u)). Also

assume that u, ¢ are non decreasing. Then F and
g have unique tripled common fixed point
(x,y,2) thatis

x = gx = F(x,y,2),

y = gy = F(y,x,y)and
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z =gz = F(z,y,x).

Proof:- Due to Theorem 2.3, the set of tripled
coincidence points of F and g is not empty.
Assume now, that(x,y,z)and (u,v,z) are two
tripled coincidence points of F and g that is

F(x,y,2) = gx,
F(y,x,y) = gyand
F(z,y,x) = gz,

F(u,v,w) = gu,

F(v,u,v) = gvand

F(w,v,u) = gw
We will show that (gx, gy, gz) and (gu, gv, gw)
are equal.
By assumption, there is (a,b,c) in X*3 such that
(F(a, b,c),F(b,a,b),F(c,b, a)) is comparable to
(F(x,y,2), F(y,x,y),
F(z,y,x)) and (F(u,v,w),F(v,u,v), F(w,v,u)).
Define the sequence {ga,}, {gb,}and {gc, }such

thata = ay, b = by, c = cyand
gan = F(an—li bn—li Cn—l)
gbn = F(bn—li an—libn—l)

gen = F(cpo1,bp_1,an_1)
for all n. Further, set x = xy,y = Y,z =
Zpandu = uy v = vy,w = w, and similarly
define the sequences {gx,},{g9y.},{9z,} and
{gun}, {gv_n}, {gwn}. Then,

9xn = F(x,y,z) gu, = F(u,v,w)
gyn = Fy,x,y) gv, = F(v,u,v)
9zn = F(z,y,x) gw, = F(w,v,u)

for all n = 1. Since

(F(x,y,2),F(y,x,¥),F(z,y,x)) =
(9x1,9v1,921) = (g9x, gy, gz) is comparable to

(F(a,b,¢),F(b,a,b),F(c,b,a)) =

(gai, gby, gci),
then it is easy to see that (gx, gy, gz) =
(gaq, gby, gcy)- Recursively, we get that

(gx,9y,92) = (ga,, ghy, gc,) Vn = 0.

Available at www.ijsred.com
By using (2.29) and (2.1), we have
i (d(F(y, 2),F(an by ) <
- ¢o(d(gx, gay) + d(gy,gby) + d(gz gcy))

—9(d(gx, gan) + d(gy,gby) + d(gz gcy))
e 2.30
From (2.30), we deduce thaty,.; < (),

wherey, = d(F(x, v,2),F(an_1,bp_1, Cn—l))-

Yo < 0" (¥o)

That is the sequence
d(F(x,y,2), F(ap_1,bn_1,Cn_1)) is decreasing.
Therefore, there exists ¢ > 0 such that

lim, . [d(gx,ga,) + d(gy,gh,) +

d(gz gc,)] = a. 2.31

We shall show thata = 0. Suppose, to the
contrary, thata > 0. Taking the limit asn —
o in (2.30), we have

ﬂ(a) < @(a) - limn—>oo 1/)( d(gx'gan)+

d(gy, gb,) + d(gz, gc,)) < ¢ (@)
a contradiction. Thus, ¢ = 0, thatis

lim, ., » [d(gx, ga,) + d(gy,gb,) +

d(gz, gcy,)] = 0. 2.32
Itzmplies e equation here.

limy, , o [d(gx, gan)] = limy, -,  [d(gy, gbn)] =
limy, . » [d(gz,gc,)] = 0

Similarly we show that

lim, . [d(gu, ga,)] = lim,_« [d(gv,gb,)] =

lim, . [d(gw,gc,)] = 0 2.33
Combining (2.32) and (2.33) yields that

(gx,g9y,9z) and (gu, gv, gw) are equal.
Since

F(x,y,z) = gx,
2.29 F(y,x,y) = gyand
F(z,y,x) = gz
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by commutativity of F and g, we have

g(F(x,y,2)) = g(gx) = F(gx, gy, g9z)
gF®xy) = g(gy) = F(gy,gx,9y)
g(F(z,y,x)) = g(9z) = F(gz 9y, 9x),

!

Denote gx = x',gy = y' and gz = Z'.

From the precedent identities,
F(x,'y,'Z,) — gxl'
F(y',x',y') = gy'and
F(Z,’ yl’ xl) — gZI

That s, (x',y’, z") is a tripled coincidence point of
F and g. Consequently,

(gx',gy', gz") and (gx, gy, gz) are equal, that is
gx = gx',gy = gy and gz = gz'.

We deduce gx = gx' = x,gy = gy’ =

y and gz = gz' = z.Therefore, (x',y',2z") isa
tripled common fixed point of F and g. Its
uniqueness follows from Theorem 2.3.

Remark that Theorem 2.3 is more general than
Theorem 1.1, since the contractive condition (2.1)
is weaker than (1.1), also Theorem 2.3 is
generalization of the Theorem 1.3. A fact which
clearly illustrated by the following example.

Example 2.10:- LetX = Rwithd(x,y) =1 x —
y | and natural ordering and let g: X — X, and
F: X3 — X be given by

g(x) =nT+1x, n =

and
F(x,y,z) =% vV (x,v,z) € X3

It is clear that F is continuous and the mixed g —

monotone property. We now take u(t) =
t,(t) =nT+1t and y(t) =n(nn—:12)t. Then it is

easy to see that all the hypotheses of Theorem
2.3 are satisfied and (0,0,0) is tripled coincidence
point of F and g.

Now forx = u,z = wand v > y, we have

Available at www.ijsred.com
_1 _ 1 —
d(F&xy,2),Fluv,w)) =— I v —yl >_|v
yl= g[d(x, w) +d(y,v) + d(z w)]

for anyk € [0,1) that is the conition (1.1) given
in Theorem 1.1 is not applicable for,

a C 3

References

1. Aydi H., Karapinar E., and Postolache M.,
Tripled coincidence point theorems for
weak @- contractions in partially ordered
metric spaces., Fixed Point Theory and
Applications 2012, 2012:44  doi:
10.1186/1687-1812-2012-44.

2. Aydi H. Damjanovic B. Samet B. and
Shatanawi W., Coupled fixed point
theorems for nonlinear contractions in
partially ordered G-metric spaces. Math.
Comput. Model. 54, 2443-2450 2011.

3. Aydi H, Samet B. and Vetro C., Coupled
fixed point results in cone metric spaces
for ~ w-compatible mappings. Fixed Point
Theory Appl. 2011/, 27 2011.

4. Aydi H., Shatanawi W. and Postolache M.
Coupled fixed point results for ¢, \psi-
weakly contractive mappings in ordered
G-metric spaces. Comput. Math. Appl. 63/,
298-309 2012.

5. Berinde V. and Borcut M., Tripled fixed
point theorems for contractive type
mappings in partially ordered metric
spaces. Nonlinear Anal. 7415, 4889-4897
2011.

6. Choudhury B.S. Metiya N. and Kundu A,
Coupled coincidence point theorems in
ordered metric spaces. Ann. Univ. Ferrara
57,/ 1-16 2011.

7. Choudhury, B.S. and Kundu A., A coupled
coincidence point result in partially
ordered metric spaces for compatible
mappings. Nonlinear Anal. 73,/ 2524-
2531 2010.

ISSN : 2581-7175

©IJSRED: All Rights are Reserved

Page 1351



International Journal of Scientific Research and Engineering Development-— Volume 8 Issue 4, July-Aug 2025
Available at www.ijsred.com

8. Luong N.V. and Thuan N.X,, Coupled fixed
points in partially ordered metric spaces
and application. Nonlinear Anal. 74,/ 983-
992 2011.

9. Samet B. and Vetro C. Coupled fixed
point, f-invariant set and fixed point of N-
order. Ann. Funct. Anal. 12, 46-56 2010.

10. Samet B., Coupled fixed point theorems
for a generalized Meir- Keeler contraction
in partially ordered metric spaces.
Nonlinear Anal. 7412/, 4508-4517 2010.

ISSN : 2581-7175 ©I1JSRED: All Rights are Reserved Page 1352



