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Abstract

In this paper,we study Variational symmetries and Conservation Laws ,and we ob-
tain a direct relationship between Variational symmetries and Conservation Laws of the
potential modified Korteweg-de Vries and the sin -Gorden equations , K.P.equation, and
equaion of higher order
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1 Introduction

To find conservation laws we showed that it is fruitful if one examines . Consider Euclidean
space , with x = Rp , with coordinate x = (x1, ...xp) representing the independent variables
, and U = Rq with coordinate u = (u1, ...., uq the dependent variables , let Ω ⊂ x be an
open , connected subset with smooth boundary δΩ , a Variational problem consists of a
functional transformations which leave the action integral

J [u] =

∫
Ω
L(x, un)dx

Invariant [1, 8,9 ] where L is called Euler -Lagrangian equation . we establish a direct
relationship between invariances and conservation laws we obtain a direct relationship be-
tween Variational symmetries and Conservation Laws of the K-dV equations and the S-G
equation , Boussinesq equation , K.P. equaion following the recent works on higher order
is seen as follows:
Consider a partial equation of the form

Definition 1.1 (Variational symmetries)
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A transformation

x∗ = x

u∗ = u+ εη(x, u, u1, ...........up + 0ε2)

is a Variational symmetries of integral J [u] , if for any u(x) there exists some vector
function

A(x, u, u1, .., ur)

of x , u and its derivatives to some finite order r, sucht that if uk is the infinitesimal
generator[2] of a variational symmetry of an action integral

UkL = DiA
i (1)

Where

Uk = ην
δ

δuν
+ ηνi

δ

δuνi1
+ ...+ ηi1i2..ik

δ

δui1i2...ik

And

Di =
δ

δxi
+ ui

δ

δu
+ uij

δ

δuij
+ .....

Holds for any u(x) , then [ 1,2] the conservation law

Di[(Wi[u, η])−Ai] = 0 (2)

Holds for any solution u(x) of Euler- Lagrange equation Ey(L) = 0 ,ν = 1, ....,m where

W i[u, η] = ην[
δL

δuν
−Di1

δ

δuνi1
+ (−1)k−1Di1Dik−1

δL

δui....ik−1

]

2 Examples

We give some examples to make use of this formulism and obtain conservation law for some
Soliton equations.
Exampl (1) the Sin-Gorden equation
let Sin- Goden equaion [4,5] is

u1t − sinu = 0

Consider

L = −1

2
u1ut + cosu

and

2



η = [u111 +
1

2
u3

1]

The corresponding Euler - Lagrange equation to Sin - Gorden equation here is

U2L = −1

2
Dt(u1η) +

1

2
u1tη −

1

2
D1(u1η) +

1

2
u1tη − sinuη

U2L = −1

2
u1[u111t +

3

2
u2

1u1t]−
1

2
ut[u1111 +

3

2
u2

1u11]

−sinu[u111 +
1

2
u3

1] (3)

Form (1)U2L = D1A
1 +D2A

2 where
A1 and A2 are vector functions of (x, u) and its derivatives
then from (3)

A1 = {−1

2
ut(u111 + u3

1)− u11u1t − u11sinu+
1

2
cosu}

A2 = {−1

2
u1u111 −

3

8
u4

1 +
1

2
u2

11}

from (2)

U2L = −1

2
u1Dtη −

1

2
D1η − sinuη

Consequently
U2L = Euη +D1W

1[u, η] +DtW
2[u, η]

EL(η) =
1

2
U1t − sinu

= u1t − sinu

and

W 1 = −1

2
utη,W

2 = −1

2
u1η

Now applying the conservation law (2)
first

D1(W 1 −A1)

= [u111u1t − u111sinu+ u1u11cosu− u1u11cosu−
1

2
u2

1sinu] (4)

And

Dt(W
2 −A2) = Dt[−

1

2
u2

11 +
1

8
u4

1]− u1u11t +
1

2
u3

1u1t (5)

Then from (4) , (5) the conservation law becomes

[u111 +
1

2
u3

1][u1t − sinu] = 0
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Example (2) K.d.V equation
Let K. d .V equation[ 3,4 ] is

Vxxx + V Vx + Vt = 0

Let
V = ux = u1

Then
uxxxx + uxuxx + uxt = 0

Then the transformed is
u1111 + u1u11 + u1t = 0

Which is the Euler -Lagrange equation for

L =
1

2
u2

11 −
1

6
u3

1 −
1

2
u1u2

Let U2 be twice extended operator of

U = η
δ

δu

Where
U2L = ELη +D1W

1[u1η] +DtW
2[utη]

then

U2L = u11D
2
1η −

1

2
u2

1D1η −
1

2
utD1η

consequently , where
EL = u1111 + u1u11 + u1t

W 1[u, η] = u11D1η − u111η −
1

2
u2

1η −
1

2
utη

W 2[u, η] =
1

2
(u, η)

and determined

A1 = t[
1

2
u2

11 −
1

6
u3

1 −
1

2
u1ut]

A2 1

2
u

η = (tu1 − x)

Then we obtain the conservation law

D1(W 1 −A1) +Dt(W
2 −A2) = 0

wich we can calculate as :

D1(W 1 −A1) = D1[u11D1(tu1 − x)− u111(tu1 − x)− 1

2
u2

1(tu1 − x)− 1

2
ut(tu1 − x)]
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−D1t[
1

2
u2

11 −
1

6
u3

1 −
1

2
u1ut]

= D1[tu2
11 − u11 − tu111u1 + xu111 −

1

2
tu3

1 +
1

2
xu2

1 − tu1ut +
1

2
xut −

1

2
tu2

11 +
1

6
tu3

1 +
1

2
tu1ut]

= D1[t(−1

2
u2

11 −
1

3
− u1u111)− u11 + xu111 +

1

2
x(u2

1 + u2)]

D is total derivative respect to x

Dt(W
1 −A1) = (tu11u111 − tu2

1u11 − tu1u111)

−tu11u111 − u111 + u111 + xu1u11 +
1

2
ut +

1

2
xu1t + xu1111 +

1

2
u2
t (6)

And Dt is defined analogously.Without loss of generality, we assume that η does depend on
t- derivatives since for admissible operators can always eliminated using equation (1)
Then

Dt(W
2 −A2) = Dt(−

1

2
u1(tu1 − x)− 1

2
u)

= Dt[−
1

2
tu2

1 +
1

2
xu1 −

1

2
u]

= [−1

2
u2

1 − tu1u1t −
1

2
ut] (7)

From (6) and ( 7 ) we obtain the conservation law , which here become

D1(W 1 −A1) +Dt(W
2 −A2) = 0

= −tu1(u1111 + u1u11 + u1t) + x(u1111 + u1u11 + u1t) = 0

3 conservation laws for Boussinesq equation

We illustrate here equaion of higher order to obtain higher order[6,7]
conservation laws for Boussinesq equation
let

utt + 2uuxx + 2u2
x + uxxxx = 0

The transformed Boussinesq equation is

u1111 + 2uu11 + 2u2
1 + utt = 0

Wich is Euler - Lagrange equation

L =
1

2
u2

11 − uu2
1 −

1

2
u2
t

Let U2 be twice extended operator then

U2L = u11D
2
1η − 2uu1D1η − utDtη
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Where
U2L = ELη +D1W

1[u, η] +DtW
2[u, η]

Where
EL = u1111 + 2u2

1 + 2uu11 + u1t

W 1[u, η] = u11D1η + u111η − 2uu1η

W 2[u, η] = −[ut, η]

Then we obtain the coservation law ( ) Where

D1(W 1 −A1) = [−tu3
1 + tutu1t − tu1u1111 + xu1111 − 2tuu1u11 + 2xu2

1 + xu1u11] (8)

Dt(W
2 −A2) = Dt[−ut[tu1 − x]− u] (9)

Thus from (8) and (9) the coservation law:

D1(W 1 −A1) +Dt(W
2 −A2) = −tu1[u1111 + 2u2

1 + 2uu11 + utt]

+x[u1111 + 2u2
1 + 2uu11 + utt] = 0

Where
[u1111 + 2u2

1 + 2uu11 + utt] = 0

4 in the 3- dimensional case of K.P. equation

We take one of higher dimensional equations,[4 ,5] called the Kadomtsev - Petviashvili K .
P. equation to get the relation between variational symmetry and coservation law which is
written as

D1(W 1 −A1) +Dt(W
2 −A2)−Dy(W

3 −A3) = 0 (10)

in the 3- dimensional case of K.P. equation
Consider K.P. equation as

(uxxx +
1

2
u2
x)x + σuyy = 0

Where σ is a constant , σ = ±1
Then the transformed K.P. equation is

u1111 + u1u11 + u1t + σu2
y

is the Euler - Lagrange equation for Lagrangian L

L =
1

2
u2

11 −
1

6
u3

1 −
1

2
u1ut −

1

2
σu2

y

Let U2 be twice extended operator of U = η δ
δu Then

U2L = u11D
2
1η −

1

2
u2

1D1η −
1

2
u1Dtη −

1

2
utD1η − σuyDyη
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where
U2L = ELη +D1W

1[u, η] +DtW
2[u, η] +DyW

3[u, η]

Where
EL = u1111 + u1u11 + u1t + σuyy = 0

W 1[u, η] = u11D1η − u111η −
1

2
η[u2

1 + ut]

W 2[u, η] = −1

2
[u1η]

W 3[u, η] = −[σuyη]

And determined

A1 = t[
1

2
u2

11 −
1

6
u3

1 −
1

2
u1ut −

1

2
σu2

y]

A2 =
1

2
u

A3 = σu

η = (tu− x− y)

Then we obtain the coservation law which becomes

D1(w1−A1) = D1[u11D1(tu1−x−y)−u111(tu1−x−y)− 1

2
u2

1(tu1−x−y)− 1

2
ut(tu1−x−y)]

−D1t[
1

2
u2

11 −
1

6
u3

1 −
1

2
u1ut − σu2

y] (11)

Dt[W2 −A2] = Dt[
1

2
u1(tu1 − x− y)− 1

2
u] (12)

Dy[W
3 −A3] = Dy[−σuy(tu1 − x− y)− σu] (13)

from (11) , (12) ,(13)we obtain the conservation law which here become

D1(W 1 −A1) +Dt(W
2 −A2)−Dy(W

3 −A3)

= xu1111 + yu1111 − tu2
1u11 + xu1u11

−tu1u1111 + yu1t + yu1u11 +
1

2
xu1t

+
1

2
yu1t − tu1u1t +

1

2
xu1t +

1

2
yu1t − σtu1uyy + σxuyy + σyuyy

So we get
u1111 + u1u11 + u1t+ σuyy = 0

And the conservation law is (10 )

D1(W 1 −A1) +Dt(W
2 −A2)−Dy(W

3 −A3)

= −tu1[u1111 + u1u11 + u1t + σuyy]

+x[u1111 + u1u11 + u1t + σuyy]

+y[u1111 + u1u11 + u1t + σuyy] = 0
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